A PROOF OF DE CONCINI KAC PROCESI CONJECTURE I. 
REPRESENTATIONS OF QUANTUM GROUPS AT ROOTS OF UNITY AND 

Q-W ALGEBRAS 

A. SEVOSTYANOV 

Abstract. Let U s (g) be the standard simply-connected version of the Drinfeld-Jumbo quantum 
group at an odd m-th root of unity e. De Concini, Kac and Proicesi observed that isomorphism 
classes of irreducible representations of U e (s) are parameterized by the conjugacy classes in the 
connected simply connected algebraic group G corresponding to the simple complex Lie algebra g. 
They also conjectured that the dimension of a representation corresponding to a conjugacy class O 
is divisible by m,2 dlm ° . We show that if O intersects one of special transversal slices S s to the set 
of conjugacy classes in G then the dimension of every finite— dimensional irreducible representation 
of U e (g) corresponding to O is divisible by m 2 codlm E » . This reduces the De Concini-Kac-Proicesi 
conjecture to constructing appropriate transversal slices E s such that dim O = codim S s for conju- 
gacy classes O of exceptional elements in G intersecting E s . Our result also implies an equivalence 
between a category of finite-dimensional t/ e (g)-modules and a category of finite-dimensional rep- 
resentations of a q-W algebra which can be regarded as a truncation of the quantized algebra of 
regular functions on S s . 
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1. Introduction 

It is very well known that the number of simple modules for a finite-dimensional algebra over an 
algebraically closed field is finite. However, often it is very difficult to classify such representations. 
In some important particular examples even dimensions of simple modules over finite-dimensional 
algebras are not known. 

One of the important examples of that kind is representation theory of semisimple Lie algebras 
over algebraically closed fields of prime characteristic. Let g' be the Lie algebra of a semisimple 
algebraic group G' over an algebraically closed field k of characteristic p > h, where h is the Coxeter 
number of the corresponding root system. Let x i-> x^ be the pth power map of g' into itself. The 
structure of the enveloping algebra of g' is quite different from the zero characteristic case. Namely, 
the elements x p — x^- p \ x £ g' are central. For any linear form 9 on g' , let Ug be the quotient of 
the enveloping algebra of g' by the ideal generated by the central elements x p — x^ — 6{x) p with 
x G g'. Then Ug is a finite-dimensional algebra. Kac and Weisfeiler proved that any simple g'- 
module can be regarded as a module over Ug for a unique 9 as above (this explains why all simple 
g'-modules are finite-dimensional). The Kac- Weisfeiler conjecture formulated in [21] and proved in 
[2"8] says that if the G'-coadjoint orbit of 9 has dimension d then divides the dimension of every 
finite-dimensional U$— module. 

One can identify 9 with an element of g' via the Killing form and reduce the proof of the Kac- 
Weisfeiler conjecture to the case of nilpotent 9. In that case Premet defines a subalgebra Ug(mg) C 
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Ug generated by a Lie subalgebra me C g' such that Ug(mg) has dimension p? and every finite- 
dimensional [/^-module is Ug(mg)-hee. Verification of the latter fact uses the theory of support 
varieties (see [THl H3 US] ) • Namely, according to the theory of support varieties, in order to prove that 
a C/g-module is [/g(mg)-free one should check that it is free over every subalgebra Ug(x) generated 
in Ug(mg) by a single element iEius. 

There is a more elementary and straightforward proof of the Kac-Weisfeiler conjecture given in 
[27] . Another proof of the conjecture using localization of £>-modules is presented in [3]. 

Another important example of finite-dimensional algebras is related to the theory of quantum 
groups at roots of unity. Let g be a complex finite-dimensional semisimple Lie algebra. A remarkable 
property of the standard Drinfeld-Jimbo quantum group U q (g) associated to g, where q is a primitive 
m-th root of unity, is that its center contains a huge commutative subalgebra isomorphic to the 
algebra Zq of regular functions on (a finite covering of a big cell in) a complex algebraic group G 
with Lie algebra g. In this paper we consider the simply-connected version of U q (o) and the case 
when m is odd. In that case G is the connected, simply connected algebraic group corresponding to 
0- 

Consider finite-dimensional representations of C/ g (g), on which Zq acts according to nontrivial 
characters rj g given by evaluation of regular functions at various points g G G. Note that all 
irreducible representations of U q {o) are of that kind, and every such representation is a representation 
of the algebra U n = U q (g) /U q (g)Kei r\ g for some r\ g . In [TT] De Concini, Kac and Procesi showed 
that if g\ and 172 are two conjugate elements of G then the algebras U Vg and U rig are isomorphic. 
Moreover in [11] De Concini, Kac and Procesi formulated the following conjecture. 

De Concini— Kac— Procesi conjecture. The dimension of any finite-dimensional representa- 
tion of the algebra is divisible by m^ A ™ 3 , where O g is the conjugacy class of g. 

This conjecture is the quantum group counterpart of the Kac-Weisfeiler conjecture for semisimple 
Lie algebras over fields of prime characteristic. 

As it is shown in 12 it suffices to verify the De Concini-Kac-Procesi conjecture in case of 
exceptional elements g £ G (an element g G G is called exceptional if its centralizer in G has a 
finite center). However, the De Concini-Kac-Procesi conjecture is related to the geometry of the 
group G which is much more complicated than the geometry of the linear space g' in case of the 
Kac-Weisfeiler conjecture. 

The De Concini-Kac-Procesi conjecture is known to be true for the conjugacy classes of regular 
elements ([13]), for the subregular unipotent conjugacy classes in type A n when to is a power of a 
prime ([5j), for all conjugacy classes in A n when to is a prime ([7]), for the conjugacy classes O g 
of g € SL n when the conjugacy class of the unipotent part of g is spherical ([B]), and for spherical 
conjugacy classes ([!]). In [53] a proof of the De Concini-Kac-Procesi using localization of quantum 
©-modules is outlined in case of unipotent conjugacy classes. 

In this paper following Premet's philosophy we construct certain subalgebras U r)g (m+) in U rjg over 
which U v -modules are free, at least for some g 6 G. Since the De Concini-Kac-Procesi conjecture 
is related to the structure of conjugacy classes in G it is natural to look at transversal slices to the 
set of conjugacy classes. It turns out that the definition of the subalgebras U n (m+) is related to the 
existence of some special transversal slices S s to the set of conjugacy classes in G. These slices E s 
associated to (conjugacy classes of) elements s in the Weyl group of g were introduced by the author 
in [32] . The slices E s play the role of Slodowy slices in algebraic group theory. In the particular case 
of elliptic Weyl group elements these slices were also introduced later by He and Lusztig in paper 
[20) within a different framework. 

A remarkable property of a slice T, s is that if g is conjugate to an element in E s then U rtg has 
a subalgebra of dimension TO 2 codlm s = with a nontrivial character. If g e E s (in fact g may belong 
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to a larger variety) then the corresponding subalgebra U v (xn+) can be explicitly described in terms 
of quantum group analogues of root vectors. There are also analogues of subalgebras U Vg (m+) in 
U q (o) in case of generic q (see [33]). 

In Section [9] we prove, in particular, that if g s S s then every finite-dimensional U rig -module is 
free over a subalgebra TJ n (in+) isomorphic to U Vg (m+). Thus the dimension of every such module 
is divisible by m 5 codlm s « ; and if the conjugacy class of g intersects E s strictly transversally in the 
sense that codim S s = dim O g , this proves the De Concini-Kac-Procesi conjecture. Thus the De 
Concini-Kac-Proicesi conjecture is reduced to constructing appropriate transversal slices E s such 
that dim O g = codim S s for conjugacy classes O g of exceptional elements in G. This will be proved 
in a subsequent paper. In Section |H] it is also shown that the rank of every finite-dimensional U ng - 
module V over U Vg (m+) is equal to the dimension of the space V x of the so-called Whittaker vectors 
in V, which consists of elements v € V such that xv = x( x ) v -> x € (m+), and x is a nontrivial 
character of U rig (m + ). Whittaker vectors are studied in detail in Section [5] 

The proof of the main statement of Section [5] is reduced to the fact that for certain g every 
finite-dimensional [/^-module V is free over every subalgebra U v (f) in U v (vn+) generated by a 
quantum analogue / of a root vector in a Lie subalgebra 1x1+ C g. The support variety technique 
can not be transferred to the case of quantum groups straightforwardly. The notion of the support 
variety is still available in case of quantum groups (see |15 [ 119 1 125]). But in practical application it is 
much less efficient since in case of quantum groups there is no underlying linear space. However, one 
can show that V is free over U v (m+ ) using a complicated induction over appropriately ordered set 
of root vectors in rri-|- . In case of restricted representations of a small quantum group this was done 
in [15]. The situation in [15] is rather similar to the case of the trivial character r/i corresponding 
to the identity element 1 £ G. In the case considered in this paper the induction is even more 
complicated because the algebra U, lg (m + ) has the Jacobson radical J (see Section [5]), and the 
quotient [/ I)g (m+)/j7 is a nontrivial semisimple algebra. This shows a major difference between 
Lie algebras and quantum groups: in case of Lie algebras g' over fields of prime characteristic the 
algebras Ug(mg) are local while in the quantum group case the algebras U v (m+), which play the 
role of Ug(mg), are not local. 

Slices S s also appear in Section[TU]in a different incarnation. Namely, we show that for g conjugate 
to an element in S s the category of finite-dimensional U v -modules is equivalent to a category of 
finite-dimensional modules over an algebra W*{G) which can be regarded as a noncommutative 
deformation of a truncated version of the algebra of regular functions on S s . In case of generic q 
such algebras, called q-W algebras, were introduced and studied in [33 . In fact U Vg is the algebra 
of matrices of size m ;5 codlm s = over the algebra Wg(G) which has dimension rn2 dlm s =>. j n case f 
Lie algebras over fields of prime characteristic similar results were obtained in [25]. 

The proofs of statements in Sections [8] [9J and [TO] require some preliminary results which are 
presented in Sections [2]-[7] 

2. Notation 

Fix the notation used throughout of the text. Let G be a connected simply connected finite 
dimensional complex simple Lie group, g its Lie algebra. Fix a Cartan subalgebra f) C g and let 
A be the set of roots of (g,f)). Let aj, i = 1, ...I, I = rank(g) be a system of simple roots, 
A + = . . . , /3/v} the set of positive roots. Let Hi, . . . , Hi be the set of simple root generators of 
f). 

Let ciij be the corresponding Cartan matrix, and let di , . . . , di be coprime positive integers such 
that the matrix &y = e^ciy is symmetric. There exists a unique non-degenerate invariant symmetric 
bilinear form (, ) on q such that (Hi,Hj) = dj 1 aij. It induces an isomorphism of vector spaces f) ~ h* 
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under which ai £ 1)* corresponds to diHi £ (). We denote by a v the element of f) that corresponds 
to a e ()* under this isomorphism. The induced bilinear form on b* is given by (a,, ay) = fey. 

Let W be the Weyl group of the root system A. W is the subgroup of GL(f)) generated by the 
fundamental reflections si, . . . , sj, 

Sj(ft) = ft - ai(h)Hi, het). 

The action of W preserves the bilinear form (, ) on f). We denote a representative of w £ in G by 
the same letter. For w £ W, g £ G we write to(g) = wgw^ 1 . For any root a G A we also denote by 
s a the corresponding reflection. 

Let b + be the positive Borel subalgebra and b_ the opposite Borel subalgebra; let n + = [b+, b + ] 
and n_ = [b_,b_] be their nilradicals. Let H = expb,-/V + = expn + ,AL = expn_,B + = 
HN + ,B- = HN- be the Cartan subgroup, the maximal unipotent subgroups and the Borel sub- 
groups of G which correspond to the Lie subalgebras f),n+,n_, b + and b_, respectively. 

We identify g and its dual by means of the canonical invariant bilinear form. Then the coadjoint 
action of G on g* is naturally identified with the adjoint one. We also identify n+* = n_, b+* = b-. 

Let g/3 be the root subspace corresponding to a root (3 £ A, Qp = {x £ q\ [ft, x] = (3(h)x for every ft £ 
()}■ 0/3 C is a one-dimensional subspace. It is well-known that for a + — /3 the root subspaces Q a 
and Qp are orthogonal with respect to the canonical invariant bilinear form. Moreover Q and 0_ a 
are non-degenerately paired by this form. 

Root vectors X a £ Q a satisfy the following relations: 

[X a ,X_ a } = (X a , X- a )a y . 
Note also that in this paper we denote by N the set of nonnegative integer numbers, N = {0,1,...}. 

3. Quantum groups 

The standard simply connected quantum group U q (o) associated to a complex finite-dimensional 
simple Lie algebra is the algebra over C(q) generated by elements Li, L^ 1 , X^ , , i = 1, . . . , I, 
and with the following defining relations: 

[LuLj] = 0, ULT 1 = L^U = 1, UXfLT 1 = qf^Xf, 

X t X J X J X t = ^l^g^ 

where K, = J]' =1 L a /\ q, = q d ' , 
and the quantum Serre relations: 

(xfy-^- r xf(xfy = o, i + 3 , 

(3.2) where 

= [n] q l = [n] q ...[l] q , [n] q = ^. 

q 

U q (o) is a Hopf algebra with comultiplication defined by 

A(Lf 1 ) = Lf 1 ®Lf 1 , 



Er=S W ("l) r 



1 - ai 



m 
n 



A(X+)=X+®K l + l®X+, 
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antipodc defined by 

S(Lf) = Lf, S(X+) = -X+K-\ S(Xr) = - Ki Xr, 
and counit defined by 

e(Lf 1 ) = l, e(Xf)=0. 

Now we shall explicitly describe a basis for U q (g). First following [5] we recall the construction of 
root vectors of U q (g) in terms of a braid group action on U q (g). Let m,j, i ^ j be equal to 2, 3, 4, 6 
if aijCiji is equal to 0, 1, 2, 3. The braid group B g associated to g has generators Tj, i = 1, . . . , /, and 
defining relations 

TiTjTiTj ... /;,, /;/;,7, . . . 

for all i j, where there are my X"s on each side of the equation. 

There is an action of the braid group B g by algebra automorphisms of U q (g) defined on the 
standard generators as follows: 

Ti(X+) = -Xr Ki , Ti(Xr) = -K^X+, T % (Lj) = L 3 R-\ 



where 



Ti(xf) = J2(-iy-^ q r(x+)(-^xf(xf)^, i^j, 

— CLij 

T i (Xr)=J2(- 1 ) r ~ aii ^(xn ir) Xi(Xr) { - aii - r \ i*3, 

r=0 

{X+r = (ir)W = (g, r > 0, i = 1, . . . , I. 



Recall that an ordering of a set of positive roots A + is called normal if all simple roots are written 
in an arbitrary order, and for any three roots a, j3, 7 such that 7 = a + (3 we have either a < 7 < ft 
or /3 < 7 < a. 

Any two normal orderings in A+ can be reduced to each other by the so-called elementary 
transpositions (see [34], Theorem 1). The elementary transpositions for rank 2 root systems are 
inversions of the following normal orderings (or the inverse normal orderings): 

a, ft A x + Ai 

a, a + ft, ft Ai 

(3.3) 

a, a + ft, a + 2/3, ft B 2 

a, a + ft, 2a + Zft, a + 2ft, a + 3/3, ft G 2 

where it is assumed that (a, a) > (ft, ft). Moreover, any normal ordering in a rank 2 root system is 
one of orderings (|3.3[) or one of the inverse orderings. 

In general an elementary inversion of a normal ordering in a set of positive roots A+ is the 
inversion of an ordered segment of form (|3.3p (or of a segment with the inverse ordering) in the 
ordered set A + , where a — ft A. 

For any reduced decomposition wo = . . . Si D of the longest element wq of the Weyl group W 
of g the set 

ftl 3 ftl &i\ <^Z2 ? • * • ) PD — &ii • • • SiD — i 
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is a normal ordering in A+, and there is one to one correspondence between normal orderings of A+ 
and reduced decompositions of wq (see [35]). 

Now fix a reduced decomposition wq — s.^ . . . Si D of the longest element wo of the Weyl group W 
of g and define the corresponding root vectors in U q (g) by 

(3-4) Xf k =T il ...T ik _ 1 Xf k . 

Proposition 3.1. For (3 = X)j=i m i a ii m i € N X^ is a polynomial in the noncommutative variables 
Xf 1 homogeneous in each Xf 1 of degree mi . 

Note that one can construct root vectors in the Lie algebra g in a similar way. Namely, if 
X± ai are simple root vectors of g then one can define an action of the braid group B g by algebra 
automorphisms of fj defined on the standard generators as follows: 

Ti(X± ai ) = —Xzfz ai : Ti(Hj) = Hj — ajiHi, 



Ti(X aj ) = —1— ad£«X ra ., i ? j, 
{ a t j ) . 



(-ay)! 

Now the root vectors X±p k G g±p k of g can be defined by 
(3.5) X±p k = T it .. .T ik _ 1 X± aik . 

The root vectors X^ satisfy the following relations: 
(3.6) 

X-X- q^X-X- = C ^ -> ^(XsJ^Hx^f"-^ . . . (X^) ikl \ a<(3, 

a<5 1 <...<S n <f3 

where for a G A + we put (X*) — , , k > 0, q a = q 1 if the positive root a is Weyl group 
conjugate to the simple root at, C(k±, . . . , k n ) G C[q, q^ 1 }- 

Let U q (n + ), U q (nJ) and U q {t\) be the subalgebras of U q (g) generated by the X^~, by the Xf and 
by the Lf 1 , respectively. 

Now using the root vectors X^ we can construct a basis of U q (g). Define for r = (n, . . . , ro) G 
N D , 

(X+)V = (X+)^...(X+J r °\ 

(x-)^ = (x^J r -K..(x- i )^\ 

and for s = (si, . . . sj) G Z', 

L s = LI 1 ...Li'. 

Proposition 3.2. ([22], Proposition 3.3) The elements (X + )M , (Jf")W and L s , for r, t G 

N , s G Z, form topological bases of U q (n+), J7 g (tT_) and U q (\)), respectively, and the products 
(X + )( r * > L s (X ~)( t * > form a basis of U q (g). In particular, multiplication defines an isomorphism of 
C(q) -modules: 

U q (n-) g> U q (]t)) ® U q (n+) -> U q (g). 
Let J7x(fl) be the subalgebra in U q (g) over the ring A — C[q, q~ x ] generated over A by the elements 
if 1 , — — ~~*r~ , -X",^, i = 1, ...,/• The most important for us is the specialization U £ (g) of Ua(q), 
Us(g) — UA{g)/{q — e)Ua{q)i e S C*. f/.A(£|) and [/ e (fl) are Hopf algebras with the comultiplication 
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induced from U q (g). If in addition e 2di ^ 1 for i = 1, . . . , / then U £ (g) is generated over C by 
Lf 1 , Xf, i = 1, . . . , / subject to relations p.l|) and (I3.2p where q = e. We also have the following 
obvious consequence of Proposition 13.21 

Proposition 3.3. Let U e (n+), C/ e (n_) and U £ (\)) be the subalgebras of U £ {g) generated by the Xf , 
by the X~ and by the Lf 1 , respectively. The elements (X+) r = (X+J ri ...(X+ D ) rD , (X")* = 
{Xp D ) tD . . . (X^Y 1 and L s , for r, t G N N , s G I 1 , form bases of U e (n+), U e (n-) and U e (f)), respec- 
tively, and the products (X + ) r L s (X _ ) t form a basis ofU £ (g). Ln particular, multiplication defines 
an isomorphism of vector spaces: 

C/ £ (n_) <g> UM <g> U £ (n+) U e (g). 

The root vectors X~^ satisfy the following relations in U £ {g): 
(3.7) 

X-X- - e^X-X- = Yl C fa> ■ ■ ■ - k n ){X K f-\x K J k - l] . . . (X 6 -) (fcl) , a < (3, 

a<S 1 <...<S n <j3 

where C(k\, . . . , k n ) G C. 

4. Quantum groups at roots of unity 

Let m be a an odd positive integer number, and m > di for all i, e a primitive m-th root of unity. 
In this section, following [9], Section 9.2, we recall some results on the structure of the algebra U £ (g). 
We keep the notation introduced in Section [2] 

Let Z £ be the center of U £ (g). 

Proposition 4.1. ([10], Corollary 3.3, [11], Theorems 3.5, 7.6 and Proposition 4.5) Fix 

the normal ordering in the positive root system A + corresponding a reduced decomposition wq ~ 
S{ 1 . . . Si D of the longest element wq of the Weyl group W of g and let Xf be the corresponding 
root vectors in U £ {g), and X±p k the corresponding root vectors in g. Let x~ = (e a — s~ 1 ) m (X~) m , 
.t+ = (e a — e' a 1 ) m Tt){X^) m , where Tq — . . .Ti D , a G A + and k = L™, i = 1, . . . ,1 be elements 

ofUM- 

Then the following statements are true. 

(i) The elements xf, ol G A+, U, i — 1, . . . ,1 lie in Z £ . 

(ii) Let Z (Zf and Zq) be the subalgebras of Z £ generated by the xf and the if 1 (respectively by 
the x„ and by the if 1 ). Then Zf C U £ (n±), Zq C U £ (t)), Z^ is the polynomial algebra with gener- 
ators xf, Zq is the algebra of Laurent polynomials in the li, Zf — U £ (n±) p| Zq, and multiplication 
defines an isomorphism of algebras 

Zq ®Z Q q® Z+ -> Zq. 

(Hi) U £ (g) is a free ZQ-module with basis the set of monomials (X + ) r L s (X~) t in the statement 
of Proposition \S. 3\ for which < r^,tk, Si < m for i = 1, . . . , I, k = 1, . . . , D. 

(iv) Spec(Zo) = C 2D x (C*) is a complex affine space of dimension equal to dim g, Spec(Z e ) is 
a normal affine variety and the map 

t : Spcc(Z £ ) Spec(Zo) 

induced by the inclusion Zq c — )• Z £ is a finite map of degree m l . 

(v) The subalgebra Zq is preserved by the action of the braid group automorphisms Ti. 

(vi) Let G be the connected simply connected Lie group corresponding to the Lie algebra g and Gq 
the solvable algebraic subgroup in G x G which consists of elements of the form {L' + , L'_) G G x G, 

(L' + ,L'_) = (i,i _1 )«,»0, n' ± G N±, t G H. 
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Then Spec(Zp) can be naturally identified with the maximal torus H in G, and the map 
n : Spec(Z ) = Spec(Z+) x Spec(Z°) x Spec(Z ") -> G* a , 

Tx(u + ,t,U-) = (<X+(M+),t- 1 X-(u_)- 1 ), u± e Spec(Z ± ), teSpec(Zg), 

X ± : Spcc(Z ± ) -> iV± 
X" = exp(x fe X_ /3D )exp(a; fe _ i X_ (3l3 _ 1 )...exp(x^X_ / 3 1 ), 

X+ = cxp(x+ D T {X„p D ))exp(x+ Di T {X^p D _ 1 )) ■ • • exp(a;^To(X_ ft )), 

where Xp. should be regarded as complex-valued functions on Spec(Zo), is an isomorphism of varieties 
independent of the choice of reduced decomposition of Wq. 

Remark 4.1. In fact Spec(Zo) carries a natural structure of a Poisson-Lie group, and the map tt 
is an isomorphism of algebraic Poisson-Lie groups if Gg is regarded as the dual Poisson-Lie group 
to the Poisson-Lie group G equipped with the standard Sklyanin bracket (see [11) . Theorem 7.6). 
We shall not need this fact in this paper. 

Let K : Spec(Zg) -> H be the map defined by K(h) = h 2 ,he H. 

Proposition 4.2. ([IT]. Corollary 4.7) Let G° = N-HN+ be the big cell in G. Then the map 

tt = X KX+ : Spec(Zo) -> G° 

is independent of the choice of reduced decomposition of wq , and is an unramified covering of degree 
2 l . 



Define derivations a;^ of U^(g) by 

-(x+r 



(4.1) xf(u) 



. u 



Let Zq be the algebra of formal power series in the x^, ol £ A + , and the if' 1 , i = 1, . . . , I, which 
define holomorphic functions on Spec(Zo) = C 2D x (C*) . Let 

U £ (g) = U e (g) ® Zn Z , Z E = Z £ ® Zo %. 

Proposition 4.3. ([10], Propositions 3.4, 3.5, [TT], Proposition 6.1) 

(i) On specializing to q = e, J^.i[ ) induces a well-defined derivation xf ofU e (o). 

(ii) The series 

OO 

exp(te±) = ^-(x±) fc 

k=0 

converge for all t G C to a well-defined automorphisms of the algebra U e (o). 

(in) Let Q be the group of automorphisms generated by the one-parameter groups exp(txf), i = 
1, . . . ,1. The action ofQ on U £ (q) preserves the subalgebras Z e and Zq, and hence acts by holomorphic 
automorphisms on the complex algebraic varieties Spec(Z £ ) and Spec(Zo). 

(iv) Let O be a conjugacy class in G. The intersection 0° = O |~| G° is a smooth connected variety, 
and the connected components of the variety 7r _1 (O ) are Q -orbits in Spec(-Zo). 

(v) If V is a Q-orbit in Spec(Zo) then the connected components of t _1 (7 :> ) are Q-orbits in 
Spec(Z £ ). 
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Given a homomorphism r\ : Zq — > C, let 

UrM) = Ue(&)/I V , 

where 1^ is the ideal in U £ (q) generated by elements z — rj(z), z £ Zq. By part (hi) of Proposition 
14.11 U„(g,) is an algebra of dimension m dlm with basis the set of monomials (X + ) r L s (X~) t in the 
statement of Proposition 13. 31 for which < 77., tf., Sj < m for i = 1, . . . , I, k = 1, . . . , D. 

If V is an irreducible finite-dimensional representation of U £ (g) then by the Schur lemma zv = 
9(z)v for all v £ V and z £ Z £ and some character 8 : Z £ — > C. Therefore we get a natural map 

X : Rep(C/ e (fl)) -> Spec(Z e ), 

where Rep(/7 e (g)) is the set of equivalence classes of irreducible finite-dimensional representations 
of U e (g), and V is in fact a representation of the algebra U v (q) for r\ = X(8). We shall identify 
this representation with V. Observe that every finite-dimensional irreducible representation in 
Rep([/ £ (g)) is a representation of U v (g) for some r\ £ Spec(Zo). 

If 7i £ Q then for any r\ £ Spec(Zo) we have 577 £ Spec(Zo) by part (in) of Proposition 14.31 and 
by part (ii) of the same proposition g induces an isomorphism of algebras, 

g: U v (q) -> Ug V (Q). 

This establishes a bijection between the sets Rep(C/^(g)) and Kep(Ug V (o)) of equivalence classes of 
irreducible finite-dimensional representations of U„(q) and Ug V (Q), 

(4.2) g : Rep([/„( )) -> Rep(c%,(fl)). 

For every finite-dimensional representation of C/^(g), and g £ G we denote by the corre- 
sponding representation of Ug V {Q). 

For any element g £ G let g s ,g u S G be the semisimple and the unipotent part of g so that 
.9 = .9s5«- Recall that g is called exceptional if the centralizer of g s in G has a finite center. 

Let ip = tttX : Rep({7 E (g)) — >■ G° be the composition of the three maps tt, t and X defined above. 
A finite-dimensional irreducible representation V of U £ (q) is called exceptional if <p(V) £ G° C G is 
an exceptional element. 

Observe that the conjugacy class of every non-exceptional element contains an element g £ G 
such that 

(4.3) g s £H, g u £N_, 

(4.4) the Lie algebra t) g of the center of the centralizer of g s in G is nontrivial, 
and 

(4.5) A' = {a £ A : a\ flg = 0} = ZT' n A, 

where F' C V is a proper subset of the set of simple positive roots T. 

Therefore if V is a non-exceptional irreducible finite-dimensional representation of U £ (q) then 
V can be regarded as a representation of the algebra U v (q) for i] — tX(V), and by part (iv) of 
Proposition ^. 31 there exists an element g £ Q such that ^(grf) satisfies properties (|4.3[) - (I4.5[) . and by 
(|4.2[) gV can be regarded as a representation of the algebra Ug V (g,). 

Replacing V with gV we may assume that V is an irreducible representation of the algebra U v (g) 
such that g — tt(t]) satisfies (|4.3l) - (|4.5p . 

Let U £ (q) be the subalgebra of U £ (g) generated by U £ (t)) and all the elements Xf~ such that 
oti £ V . Denote by U'(q) the quotient of U £ (g) by the ideal generated by elements z — r](z), 
z £ Z Q n U' e {$). Now let t/f (fl) = U' £ {Q)U £ {n + ) and f7»(fl) be the quotient of f7#(fl) by the ideal 
generated by elements z — i](z), z £ Z Ci U§{q). The algebras t/|(g) and U->(g) can be regarded 
as quantum analogues of the parabolic subalgebras associated to the subset T' of simple roots. Let 
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also U"(q) be the subalgebra of U'(g) generated by all the elements Xf and Lf 1 such that a; e T'. 
U"(g) can be regarded as the semisimple part of the Levi factor U^(q). 

The following fundamental proposition states that V is in fact induced from a representation of 
the algebra U-*(q). 

Proposition 4.4. ([11], Theorem 6.8, [12], §8, Theorem) 

(i) The U^q) -module V contains a unique irreducible U->(Q)—submodule V which remains irre- 
ducible when restricted to U^(q). 

(ii) The U ri {o)-module V is induced from the U^{q) -module V' , 

V = U v (g) ® a « (fl) V, 

with the left action defined by left multiplication on U^{q). In particular, dim V = m*/ 2 dim V , 
where t = |A \ A'|. 

(iii) The map V i-> V establishes a bijection Rep([/^(g)) — ^ Rep(£/^'(g)) 7 and V' can be regarded 
as an exceptional representation of the algebra U £ (q'), where g' is the Lie subalgebra of g generated 
by the Chevalley generators corresponding to cti eV. 

5. Realizations of quantum groups associated to Weyl group elements 

Some important ingredients that will be used in the proof of the main statement in Section [5] are 
certain subalgebras of the quantum group. These subalgebras are defined in terms of realizations of 
the algebra U £ (q) associated to Weyl group elements. We introduce these realizations in this section. 
A similar construction in case of quantum groups U q (g) with generic q was introduced in [33j . 

Let s be an element of the Weyl group W of the pair (g, t)), and f)' the orthogonal complement, 
with respect to the Killing form, to the subspace of f) fixed by the natural action of s on f). The 
restriction of the natural action of s on f)* to the subspace f)'* has no fixed points. Therefore one 
can define the Cayley transform j-*-§-fV* of the restriction of s to f)'*, where Pjj/* is the orthogonal 
projection operator onto f)' in ()*, with respect to the Killing form. 

Recall also that in the classification theory of conjugacy classes in the Weyl group W of the 
complex simple Lie algebra g the so-called primitive (or semi-Coxeter in another terminology) el- 
ements play a primary role. The primitive elements w 6 W are characterized by the property 
det(l — w) — det a, where a is the Cartan matrix of g. According to the results of [5] the element 
s of the Weyl group of the pair (g, rj) is primitive in the Weyl group W of a regular semisimple Lie 
subalgebra g' C g of the form 

aeA' 

where A' is a root subsystem of the root system A of g, g a is the root subspace of g corresponding 
to root a, and is a Lie subalgebra of f) (it coincides with [)' introduced in Section [5]). 
Moreover, by Theorem C in 8 s can be represented as a product of two involutions, 

(5.1) s = sV, 

where s 1 = s 7l . . . s 7n , s 2 = s 7 „ +1 . . . s 7 ,, , the roots in each of the sets 71, . . . 7 n and 7«+i . . . ji> are 
positive and mutually orthogonal, and the roots 71, ... ji> form a linear basis of f)' , in particular V 
is the rank of g'. Recall that 71, . . . , 7c form a basis of a subspace f)'* C f)* on which s acts without 
fixed points. We shall study the matrix elements of the Cayley transform of the restriction of s to 
f)' with respect the basis 71, ... ,7;'. 

Lemma 5.1. ([33 , Lemma 6.2) LetPy* be the orthogonal projection operator onto \)' in f)*, with 
respect to the Killing form. Then the matrix elements of the operator jz^Pf)>* in the basis 71, ... ,7;/ 
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are of the form: 

(5.2) 

where 



1 + 5 

1 - s J 



-1 i<j 

i=j 

1 i > j 



Let 7*, i = 1, . . . , V be the basis of f)'* dual to 7i, i = 1, . . . , /' with respect to the restriction of 
the bilinear form (•,•) to f)'*. Since the numbers (7i,7j) are integer each element 7* has the form 

7* = 5Zi=i m ij1j' where € Q. Therefore by the previous lemma the numbers 



1 fl + s 



dj \ 1 - s 



\ X] lk(uihi{aj) ( j^Pf)'*7p,lqj m kp mi q , i,j = 1,..., 



(5.3) 



are rational. Let d be a positive integer such that Pij £ for any i < j (or i > j), i,j = 1, . . . , I. 

Now we suggest a new realization of the quantum group U e (q) associated to s 6 W. Fix a positive 
integer number n £ N, n > 0. Assume that e 2di 7^ 1. Let U^(g) be the associative algebra over C 
generated by elements e^, fi, Lf 1 , i = 1, . . . I subject to the relations: 

[L t , Lj] = 0, L.LT 1 = L^U = 1, L.ejir 1 = e f« ej) L^-Lr 1 = eT/ 5 ^., e, = e* 



ei/j - e Ci if 3 ei = fr,j J ^_^i ,<kj = nd ( ^iV* 



(5.4) 



where K { = FT - =1 £y J 



Er=o W (-l) r £ r 



1 - a,- 



(e i ) 1 -»«-'-e i (e i )'- = 0, i^j, 



Ej=S w (-l) r e r 



1 - a. 



(/i) 1 - a «- r /,(/i) r = ! ^j. 



Theorem 5.2. Assume that s * ^ 1. For every solution GZ, i,j = 1, . . . ,1 of equations 



(5.5) 



diTiji Ci 



there exists an algebra isomorphism ip{ n } '■ U^{q) — > J7 £ (g) defined by the formulas: 

^ {n} (L l ±1 ) = Lf. 

The proof of this theorem is similar to the proof of Theorem 4.1 in [31"] . 
Remark 5.2. T/ie general solution of equation L5.5\) is given by 

(5.6) ny = (c»j +%')> 
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where stj = Sji. If Pij € 4Z for any i < j, we put 

!Cij i < j 
i = j . 
-Cij i > j 

Then 

( t r 'i ' 3 
riij < I) i = j ■ 
{ i>j 

By the choice of c%j and d we have -j-Cij = ^ ( j^Pyai, ayj — ndpij G nL for i < j, i,j — X,...,l. 
Therefore G Z for any i,j = 1, . . . , I, and integer valued solutions to equations \5.5\) exist if 
Pij S ^Z for any i < j. A similar consideration shows that if Pij 6 for any i > j integer valued 
solutions to equations i5. 5\) exist as well. 

We call the algebra U f (g) the realization of the quantum group U e (g) corresponding to the element 

s e W. 

Remark 5.3. Let riy- G Z be a solution of the homogeneous system that corresponds to i5.5\) , 

(5.7) '/,/' ,, - djUij = 0. 
Then the map defined by 

(5-8) Xr^nl^L-^Xr, 

is an automorphism ofU s (o). Therefore for given element s G W the isomorphism ^{n} * s defined 
uniquely up to automorphisms i5.8\) o/[/ e (g). 

Now we shall study the algebraic structure of U^(q). Denote by U* (n±) the subalgebra in U^(g) 
generated by e, (/j), i = 1, . . . I. Let U£ (h) be the subalgebra in U*(g) generated by Lf 1 , i = 1, . . . , I. 
We shall construct a Poincare-Birkhoff-Witt basis for U*(q). 

Proposition 5.3. (i) For any integer valued solution of equation &5.5\) and any normal ordering of 
the root system A + the elements ep = ipj\ (X£ Tii,j=i L^"" 3 ) and fp = tp7\ (IIi,j=i L~ c * n * 3 Xp), (3 = 

Ylj—x Cjd-i G ^+ ^ e * n ^ e subalgebras U^(n+) and C/*(n_) 7 respectively. The elements fp, f3 G A + 
satisfy the following commutation relations 

(5.9) f ot f {3 - £ (^)+™«n-^) //3 / Q = £ C( Al> . . . , k n )f k s: f k s: -_l . . . /£, a < 13, 

a<S 1 <...<S n </3 

where C {k\, . . . , k n ) G C. 

(it) Moreover, the elements (e) r = (e (3l ) ri . . . (ep D ) r °, (/)* = (/ to )' D . • . {fp.f 1 and L s = 
LI 1 ...Lf for r, t G W, s G Z ( /orm 6ases of U^(n + ), U'iyi-) and U^(t)), and the products 
(f) t L s (e) r form a basis of U^(q). In particular, multiplication defines an isomorphism of vector 
spaces, 

[/>_) ® [/ £ s ((,) ® U°(n+) -> (7 £ s (g). 
(m,) T/ie subalgebra Zq C U^(q) is the polynomial algebra with generators e™ , f™, a G A + and 
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(iv) U^{q) is a free Z^-module with basis the set of monomials (f) r L s (e) t for which < rfe, tk, Si < 
m for i = 1, . . . , I, k = 1, . . . , D. 

The proof of this proposition is similar to the proof of Proposition 4.2 in [33] . 

6. NlLPOTENT SUBALGEBRAS AND QUANTUM GROUPS 

In this section we define the subalgebras of U £ (q) which resemble nilpotent subalgebras in g and 
possess nontrivial characters. We start by recalling the definition of certain normal orderings of root 
systems associated to Weyl group elements (see [33], Section 5 for more details). The definition of 
subalgebras of U e (g) having nontrivial characters will be given in terms of root vectors associated 
to such normal orderings. 

Let s, as in the previous section, be an element of the Weyl group W of the pair (g, fj) and f)R 
the real form of I), the real linear span of simple coroots in f). The set of roots A is a subset of the 
dual space f)jj^. 

The Weyl group element s naturally acts on f)R as an orthogonal transformation with respect 
to the scalar product induced by the Killing form of g. Using the spectral theory of orthogonal 
transformations we can decompose f)R into a direct orthogonal sum of s-invariant subspaces, 

K 

(6-1) &R = ©I)<, 

i=0 

where we assume that t)o is the linear subspace of f))j fixed by the action of s, and each of the other 
subspaces f)j C fjn, i = 1, . . . , K, is either two-dimensional or one-dimensional and the Weyl group 
element s acts on it as rotation with angle < 9i < n or as reflection with respect to the origin 
(which also can be regarded as rotation with angle tt). Note that since s has finite order Oi = ^L, 
mi G N. 

Since the number of roots in the root system A is finite one can always choose elements hi G t)i, 
i = 0, . . . ,K, such that hi(a) for any root a G A which is not orthogonal to the s-invariant 
subspace f)i with respect to the natural pairing between [)k and rjjj. 

Now we consider certain s-invariant subsets of roots A^, i — 0, . . . , K, defined as follows 

(6.2) Ai = {a g A : hj(a) = 0, j > i, h^a) ^ 0}, 

where we formally assume that hx+i = 0. Note that for some indexes i the subsets Ai are empty, 
and that the definition of these subsets depends on the order of terms in direct sum (|6.1|) . 

Now consider the nonempty s-invariant subsets of roots Ai k , k = 0, . . . , M. For convenience we 
assume that indexes ik are labeled in such a way that ij < ik if and only if j < k. According to this 
definition Ai = {a G A : sa = a} is the set of roots fixed by the action of s. Observe also that the 
root system A is the disjoint union of the subsets Ai k , 

M 
fc=0 

Now assume that 

(6.3) \h ik {a)\>\ for any a G A ifc , fc = 0, ...,M, I < k. 

l<j<k 

Condition (|6.3[) can be always fulfilled by suitable rescalings of the elements hi k . 
Consider the element 

M 

(6.4) h = J2 h ^ e ^R- 

k=0 
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From definition (|6.2j) of the sets Aj we obtain that for a G A^ 

(6.5) h(a) = £ hi, (a) = h ik (a) + ]T h t] (a) 

j<k j<k 

Now condition ()6.3|) . the previous identity and the inequality \x + y\ > \\x\ — \y\\ imply that for 
a G A ifc we have 

\h(a)\ > ||Ai fc (a)|-|X;^(«)ll>0- 

Since A is the disjoint union of the subsets Ai k , A = Ufclo > * ne ^ as ^ inequality ensures that h 
belongs to a Weyl chamber of the root system A, and one can define the subset of positive roots 
A+ and the set of simple positive roots T with respect to that chamber. From condition (|6.3[) and 
formula (|6.5I) we also obtain that a root a G Aj fc is positive if and only if 

(6.6) h ih (a)>0. 

We denote by (A ik ) + the set of positive roots contained in A ik , (A ik ) + = A + f] A ik . 

We shall also need a parabolic subalgebra p of g associated to the semisimple element ho = 
Efe=i hi k G ()r. This subalgebra is defined with the help of the linear eigenspace decomposition 
of g with respect to the adjoint action of ho on g, g = ® m (fl)m, (fl)m = {x G g \ \ho,x] = mx}, 
m G M. By definition p = @ m>0 (fl) m is a parabolic subalgebra in g, n = TO>o (fl)m and [ = {x G 
g | [ftoi^] = 0} are the nilradical and the Levi factor of p, respectively. Note that we have natural 
inclusions of Lie algebras p D b + D n, where b + is the Borel subalgebra of g corresponding to the 
system T of simple roots, and Ai is the root system of the reductive Lie algebra [. We also denote 
by tt the nilpotent subalgebra opposite to n, n = © m<0 (fl)m- 

For every element w G W one can introduce the set A w — {a G A + : w(a) G — A + }, and the 
number of the elements in the set A w is equal to the length l(w) of the element w with respect to 
the system T of simple roots in A + . 

Now recall that s can be represented as a product of two involutions, 

(6.7) s = sV, 

where s 1 = s~ fl . . . Sj n , s 2 = s~ (n+1 . . . s 7i , , the roots in each of the sets 71, . . . 7« and j n +i ■ ■ ■ lv are 
positive and mutually orthogonal, and the roots 71, ... 7/' form a linear basis of f)', in particular V 
is the rank of a regular subalgebra g' C g (see formula (|5.1jl ). 

Proposition 6.1. ([33], Proposition 5.1) Let s G W be an element of the Weyl group W of the 
pair (g, f)), A the root system of the pair (g, f)) and A + the system of positive roots defined with the 
help of element jgg] ), A + = {a G A\h(a) > 0}. 

Then there is a normal ordering of the root system A + of the following form 

[31 fan • ■ ■ , fi] +s ^ , 7i,^ +£i . +2 , • • • , P\ + ^ +ni , 72, 

( 6 - 8 ) Pl+zp+^+a ■■■> Z^+fi^w 73, ■ • ■ , 7n, AVp+i, • ■ • , • • • , 

fill ■ ■ ■ i fiqi 7"+l, fiq+2) • • • > fiq+mi > 7n+2j /3 9 + mi +2, ■ • ■ , fiq+m 2 > 7n+3, • • • , 
7i', Aj+m ;(s2) + l> ■ • ■ ^2 9 +2m 1(j 2)~(l'-n)^2ij+2m 1(l 2 r (I'-ii)+H • ■ ■ ,A(s s )i 

/?1, • ■ • , /?D > 

{/?!, ■ • ■ , fil,fil+ii- ■ • , /^t+j^, 7i, /3 t 1 +£ _ i+2 , ■ • ■ , /? t 1 + P_ i+ni , 72, 

/ 3 t + £ i « + n 1 +2 ' ' ' ' / 3 t+£^l+„ 2 , 73, • • ■ , 7n, /?i +p+ l, • • • > fil(s r )} = A s^ , 
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■ ■, Pl+E^L > 71.^2^+3. • • • . ^ t+ E^ +ni > 72, 

/3 t 1 +£ _ i+ni+2 ■ ■ • ,^+£^+^,73, ... ,7n} = {a G A + | S V) = -a}, 

{/?1 , ■ • ■ , Aj , 7n+lj 0q+2l • ■ • , Aj+mi , 7«+2, Aj+mi+2, ■ • • ) Aj+m 2 ' 7n+3> ■ • ■ , 
7J / >$g+m, ( ,2 ) +l' ■ • ■ '^2g+2m !(s2) -(i'-n)'^2g+2m i(a 2 ) -0'-«)+l' ' ' ■ '^(s 2 )} = ^s 2 , 

{7n+l , Aj+2 J ■ ■ ■ i fiq+rnx , 7"+2, Aj+ mi +2, • ■ • , Pq+m 2 ' 7n+3, ■ • ■ , 
lV,Pl+m Ka2) +l,---,Ptq + 2m Ka z ) -{V-n)} = i a G A +I s2 ( a ) = 

{/3°, . . .,[3° Do } = A = {a G A+|s(a) = «}, 
and s ,s are the involutions entering decomposition 115. s^ — . . . s~y n , s^ — s^ n _^ x . . . s^, , the 
roots in each of the sets 71, . . . ,"y n and 7«+i, ■ ■ • , 7r are positive and mutually orthogonal. 
The length of the ordered segment A m+ C A in normal ordering \6.8\) , 

A m+ = 7i, /^ +J ^_n +2 , • • ■ ,/3 t+ p^i + „ 1 ,72,/3 t+ P^ i+ „ i+2 • • • ,/3 t+t _i + „ 2 , 

(6.9) 

7n+l , Aj+2, ' • ■ , Pq+mi ' 7n+2, Aj+mi+2, • • • ) Pq+mz ' 7n+3; ■ • • , ll 1 , 

is equal to 

(6.10) £_ ( i(£)_i: +A)) , 

where D is the number of roots in A +; l(s) is the length of s and Dq is the number of positive roots 
fixed by the action of s. 

Moreover, for any two roots a, f3 G A m+ such that a < j3 the sum a + f3 can not be represented 
as a linear combination ^fc=i c kli k , where G N and a < 7^ < . . . < r y ik < f3. 

Now we can define the subalgebras of U e (q) which resemble nilpotent subalgebras in g and possess 
nontrivial characters. 

Theorem 6.2. Let s G W be an element of the Weyl group W of the pair (g, f)), A the root system 
of the pair (g, f)). Fix a decomposition 15. Ij) of s and let A+ be the system of positive roots associated 
to s. Assume that e 2di 1 and that = \ : where d and n are defined in Section^ Let U^(g) 

be the realization of the quantum group U s (g) associated to s. Let fp G U£(xi—), f3 G A+ be the root 
vectors associated to the corresponding normal ordering \6.8\) of A + . 

Then elements fp G U*(x\-) 7 (3 G A m+ , where A m+ C A is ordered segment H6.9\) , generate a 
subalgebra U*(xn—) C U*(q) The elements f v = . . . f^, r, G N, i = 1, . . . D and ri can be strictly 
positive only if Pi G A m+ , form a linear basis 0/ C/<f (m_ ) . 

Moreover the map x s '■ U^m-) — > C defined on generators by 

is a character of ?7j?(m_). 

Proof. The first statement of the theorem follows straightforwardly from commutation relations (|5.9[) 



and Proposition [ 

In order to prove that the map x s : U* (tn_) — > C defined by (|6 . 11 1) is a character of f/|(m_) we 
show that all relations (|5.9[) for f a , f@ with a, /3 G A m+ , which are obviously defining relations in 
the subalgebra U E (tn_), belong to the kernel of x s ■ By definition the only generators of [/j?(m_) on 
which x s does not vanish are i = 1, . . . , I'. By the last statement in Proposition 16 . 1 1 for any two 
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roots a, /3 G A m+ such that a < (3 the sum a + f3 can not be represented as a linear combination 
Sfc=i °kli k i where Ck G N and a < 7^ < . . . < 7j fc < /3. Hence for any two roots a, j5 G A m+ such 
that a < (3 the value of the map x s on the 1-h.s. of the corresponding commutation relation (|5.9p is 
equal to zero. 

Therefore it suffices to prove that 

Since e n<i_1 = 1 and (f^^'*7j ) 7 i j) are integer numbers for any j, j = 1, . . . , I 1 , the last identity 
holds provided (7i,7j) + (jzf Pwliili) = for i < j. As we saw in the Lemma [5.11 this is indeed 
the case. This completes the proof. □ 

7. Some facts about the geometry of the conjugation action 

In this section we collect some results on the geometry of the conjugation action that will be 
used later. Let r G End g be a linear operator on g satisfying the classical modified Yang-Baxter 
equation, 

[rX, rY] - r ([rX, Y] + [X, rY]) = - [X, Y] , X, Y G g. 
One can check that if we define operators r± g End g by 

r± = - (r ± id) 

then the linear subspace g* C g ® g, g* = {{X + , X± = r±X, X g g} is a Lie subalgebra in 

g © (see, for instance, [3D]). We denote by G* the corresponding subgroup in G x G. 
Let r° , r s g End g be the linear operators on g defined by 

r° = P+ - P_, r s = P_ - P+ + -^fPj,', 

1 — s 

where P + ,P_ and Pf,/ are the projection operators onto n + ,n_ and h' in the direct sum 

(7.1) = n+ + h' + h' ± +n_, 

and f) /J " is the orthogonal complement to h' in f) with respect to the Killing form. One can check 
that both r° and r s satisfy the classical modified Yang-Baxter equation. Therefore one can define 
the corresponding subgroups Gq , G* C G x G 
Note also that 

r s + = P+ + + ~A'-> r - = - P - + 73^' - \ P V^ 

where P t) ,± is the projection operator onto f)' 1 " in direct sum (|7.ip . Hence every element (P+, L-) G 
G* may be uniquely written as 

(7.2) {L + ,L_) = (h+,h-)(n+,n-), 

where n± g iV±, /i+ = exp((Y3jP[)' + ^Puix)x), h- — exp((j^Pfj' — ^Pf.,±)x), x g t). In particular, 
G* is a solvable algebraic subgroup in G x G. 
Similarly we have 

r°+ =P+ + \Pt>, r°_ = -P- - \p h , P„ - P 6 - + P h ,±, 
and hence every element {L' + , L'_) G Gq may be uniquely written as 

(L' + ,L'_) = {ti + ,ti_){n' +1 n'_), n± G iV±, h' + = exp(^x'), h'_ = exp(-^x'), x' G \). 
In particular, Gq is also a solvable algebraic subgroup in G x G. 
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We shall need an isomorphism of varieties <f> : Gq — > G* which is uniquely defined by the require- 
ment that if (f>(L' + ,L'_) = (L+,i_) then 



(7.3) L = tL't-\ L' = L'_(L' + )- 1 ,L = , t 

where A G End f) is the endomorphism of f) defined by 



-1 j. Ax' 



e 



ny are solutions to equations (|5.5|) . and 



(7.5) L = 6XP 



Y l = }2d t (a- 1 ) l] H J , 

j=i 

are the weight-type generators of () (see [33] for more detail). 

In fact (|7.3I) is an isomorphism of Poisson manifolds if Gq is regarded as the dual Poisson-Lie 
group to the Poisson-Lie group G equipped with the standard Sklyanin bracket, and G* is regarded 
as the dual Poisson-Lie group to the Poisson-Lie group G equipped with the Sklyanin bracket 
associated to the r-matrix r s (see [33], Section 10). We shall not need this fact in this paper. 

Formula (|7.2j) and decomposition of N+ into products of one-dimensional subgroups correspond- 
ing to roots also imply that every element L- may be represented in the form 

[Eli^i^n'-lA'-)^ x 

Yl exp\b-pX-p], bi,b-p G C, 

where the product over roots is taken in the same order as in (|6.8I) . and the root vectors X_p are 
constructed as in (|3 . 5|) using the normal ordering of A + opposite to (|6.8p . 

Let M± be the subgroups in N± corresponding to the Lie subalgebras m± C rt± which are 
generated by root vectors X±p, (3 G A m+ . Now define a map /jm + : G* — > M_ by 

(7.6) fi M+ (L + ,L_) = m_, 
where for L_ given by (|7.5p m_ is defined as follows 

(7.7) m - = II exp\b-pX- P ], 

/3GA m+ 

and the product over roots is taken in the same order as in the normally ordered segment A m+ . 
By definition (j,m + is a morphism of algebraic varieties. 
Let u be the element defined by 

C 

(7.8) u = Y[ exp[tiX-^} e M_ ,UeC, 

i=l 

where the product over roots is taken in the same order as in the normally ordered segment A m+ . 

Let X a (t) — exp(tX a ) E G, t G C be the one-parametric subgroup in the algebraic group G 
corresponding to root a G A. Recall that for any a G A+ and any f ^ the element s a (t) — 
X a (—t)X- a (t)X a (—t) G G is a representative for the reflection s a corresponding to the root a. 
Denote by s G G the following representative of the Weyl group element s G W, 

(7.9) s = s 7l (ti) . . .s 7l ,(ti'), 

where the numbers t% are defined in (|7.8[) . and we assume that ti ^ for any i. 

Let Z be the subgroup of G corresponding to the Lie subalgcbra 3 generated by the semisimplc 
part m of the Levi subalgebra [ and by the centralizer of s in h. Denote by N the subgroup of G 
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corresponding to the Lie subalgebra n and by N the opposite unipotent subgroup in G with the Lie 
algebra n = © m<0 (fl)m- By definition we have that N+ C ZN. 

Now assume that the roots 71 , . . . , j n are simple or the set 71 , . . . , j n is empty. In that case the 
complementary subset to A m+ in A + is a segment A^ + with respect to normal ordering (|6.8[) . 

Let q : G* — > G be the map defined by, 

q(L + ,L-) = L-L+ 1 . 
Consider the space fi^f (u) which can be explicitly described as follows 

(7.10) Mm+( u ) = {(h+n + ,s(h + )ux)\n + G N + ,h + G H , x G M°_}, 

where is the subgroup of G generated by the one-parametric subgroups corresponding to the 
roots from the segment — A" t+ . Therefore 

(7.11) = {s(h+)uxn+ 1 h+ 1 \n+ G N+,h+ e H,x G M°}. 
Proposition 7.1. ([33], Proposition 12.1) Le£ g : G* — y G be the map defined by, 

q{L +1 L_) = L-L-\ 

Assume that the roots 71, . . . ,7„ are simple or the set 71,. ..,7„ is empty. Suppose also that the 
numbers U defined in j7.<S[ ) are no£ eguaZ £0 zero /or aZZ i. Then q(fJ^j (u)) is a subvariety in NsZN 
which consists of elements of the form s(h + )x" skh^ 1 with arbitrary k G ZN, h + G H and x" given 
by 

(7.12) x" =X yi (u 1 )X s ^ 72 (u 2 )...X s ^___ s ^_ iJl ,(u v )sx's- 1 G N, x' G ~N, sx's^EN, 

where Ui are arbitrary nonzero complex numbers. 

The closure q(l-i~^ (u)) of q(fJ>M (u)) is obtained by adding elements of the same form with some 

Ui equal to 0. The closure q(p^ (uf) is also contained in NsZN. 
Elements of the form x"sk, where k G ZN and 

(7.13) x" = X 11 (t 1 )X Siil2 (t 2 )...X Sii ... s ^ i _ ili ,(t l/ )sx's- 1 £ N, x' £N, sx's^ 1 G N 
can be represented as follows x"sk = uxn+ G q((j,^ ( u )), n + G N + , x G Af£. 

Proposition 7.2. ([32], Propositions 2.1 and 2.2) Let N s = {v G N^vs' 1 G N}. Then the 
conjugation map 

(7.14) N x sZN s -> NsZN 

is an isomorphism of varieties. Moreover, the variety £ s — sZN s is a transversal slice to the set of 
conjugacy classes in G. 

Now we prove a short technical lemma which will play the key role in the proof of the main 
statement of this paper. 

Lemma 7.3. Assume that the roots 71,.. .,7n are simple or the set 71,.. . ,j n is empty. Suppose 
also that the numbers U defined in J7.<S| ) are not equal to zero for all i. For any r\ G NsZN and 
h G H one can find n G N such that nrjn^ 1 G and mm~ x = s(h)uxn^ 1 h^ 1 for some 

n + G N + , x G M°_. 

Proof. Let Ui, i = 1, . . . , I' be nonzero complex numbers such that 

s(/i)X 7l (ti)X S7i72 (t 2 ) • • .X Sii ... Siii _ ili ,{t v )s{h- 1 ) = X 7i (mi)X S7i72 (m 2 ) • ..X s ^... s ^_ i7l ,(ui'). 
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Obviously for any r\ G NsZN one can find n G N such that 

n-qn' 1 = X lx ( Ul )X s ^ l2 (u 2 ) ■ . . X^..^^, (u v )sy = 

= s(h)X 7l (h)X Siil2 (t 2 ) . . . X Syi ...^ ( ,_ iT! , {tv)syh-\ y,ye ZN. 

Now by Proposition 17. II nr/n -1 can be represented in the form nr/n^ 1 — s(/i)ita:n^ 1 /i _1 for some 
n + E AL|_, a; G M°. This completes the proof. □ 

Consider the restriction of the action of G on itself by conjugations to the subgroup M + . Denote 
by Tr q : G — >• G/M+ the canonical projection onto the quotient with respect to this action. 

Proposition 7.4. ([33], Theorem 12.3) Assume that the roots 71, ...,7 n are simple or the set 
71 , . . . , 7„ is empty. Suppose also that the numbers U defined in FTM are not equal to zero for all 
i. Then sZN s n G° C <?(Mm ( u ))> s ZN s C ?(Mm ^ e (locally defined) conjugation action of 

M+ o?i q((i~M (it)) is (locally) free, the quotient 7r q (q(^j + (u))) is a smooth variety and the algebra 

of regular functions on TT q (q(/i^l (u))) is isomorphic to the algebra of regular functions on the slice 
sZN s . 

Remark 7.4. Statements similar to Propositions \ 7.1[ \1.J\ and Lemma \ 7.3\ can be proved in case 
when the roots 7«+i, . . . , 7;' are simple or the set 7n+i, . . . , 7;' is empty. In that case instead of the 
map q : G* — » G one should use another map q' : G* — >• G, q'(L+, L_) = LI 1 L+ which has the same 
properties as q (see |30) . Section 2). 

8. Whittaker VECTORS 

In this section we introduce the notion of Whittaker vectors for modules over quantum groups 
at roots of unity and prove an analogue of Engel theorem for them. We start by studying some 
properties of quantum groups at roots of unity. 

From now on we fix an element s G W and a representation (|5.ip for s. We also fix positive 
integers n and d such that pij G for any i < j (or i > j), i,j — 1, . . . , I, where the numbers 
Pij are defined by formula (|5.3[) . We shall always assume that e 2di ^ 1, i = 1, and that 
£ nd-i _ ^ g x an integer valued solution Ujj to equations (|5.5[) and identify the algebra (7* 1 (g) 
associated to the Weyl group element s^ 1 with U e (g) using Theorem 15.21 and the solution — riy — 5jj 
to equations (|5.5[) (a motivation for adding the extra term — 5y to n,j will be given later; as it was 
explained in Remark [53] this term is a solution to homogeneous equations (|5 . T[) and corresponds to 
an automorphism of U £ (q)). Using this identification U£ (m_ ) can be regarded as a subalgebra in 
U £ (q). Therefore for every character 77 : Zq — > C one can define the corresponding subalgebra in 
U v {q)- We denote this subalgebra by C/ ?) (m_). 

First we study some properties of the finite dimensional algebras U n (g) and U v (m-). We remind 
that a finite dimensional algebra is called Frobenius if its left regular representation is isomorphic 
to the dual of the right regular representation. Thus any free module over a Frobenius algebra is 
also injective and projective. 

Proposition 8.5. For any character r\ : Zq — > C the algebra U ri (g) and its subalgebra L^(m_) are 
Frobenius algebras. 

Proof. The proof of this proposition is parallel to the proof of a similar statement for Lie algebras 
over fields of prime characteristic (see Proposition 1.2 in [H]). By Theorem 61.3 in [14] it suffices 
to show that there is a non-degenerate bilinear form B n : U„(g) x Ur,(g) —> C which restricts to a 
non-degenerate bilinear form B v : L^(m_) x U v (m-) C and which is associative in the sense that 

B v (ab, c) — B n (a, be), a, b, c G U v (q). 
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Consider the free Zo-basis of U £ (g) introduced in part (iv) of Proposition 15. 31 This basis consists 
of the monomials xi = (f) r L s (e) t , I — (r*i, . . . , ro, si, . . . , sj, ii, . . . , to) for which < rfe, tfe, < m 
for i = 1, . . . ,1, k = 1, . . . ,D, Set c(xi) = Y,k=i r k + SfeLi *fc + Si=i s*, I' = (m — 1 — n, . . . ,m — 
1 — ru, m — 1 — si, . . . , m — 1 — si, m — 1 — 1%, . . . , m — 1 — to) and P — (m — 1, . . . , m — 1). 

Let <I> : U £ (g) —> Zq be the .Zo-linear map defined on the basis xj of monomials by 

*(xi) = l 1 I = P 

[0 otherwise 

Using commutation relations (|5.4[) . (|5.9|) and similar relations for generators f a one can check that 
$(x/xj) = if c(x/) + c(xj) < (m - 1)(Z + 2N) and J ^ while $(x/x//) = cj ^ 0. Now by the 
argument given in the proof of Proposition 1.2 in |18j the discriminant of the associative ifo-bilinear 
pairing B : U s (g) ®z U e (g) — > Zq, B(x,y) = $(xy) is a unit and the associative bilinear form 
B n : U v (q) x U v (q) — > C, B n (x,y) = rj(B(x,y)) is non-degenerate. By construction the restriction 
of B v , B v : U v (m-) x U v (m-) — > C is non-degenerate and associative as well. This completes the 
proof. 

□ 



In order to define Whittaker vectors for quantum groups at roots of unity we shall need some 
axillary notions that we are going to discuss now. 
Consider the isomorphism of varieties 

0oi : Spec(Zo) -> G* 

constructed with the help of the normal ordering of the positive root system A + opposite to (|6 .8[) 
and with the help of the solution n,j of equations ()5.5[) . We shall need some property of elements 77 £ 
Spec(Zo) such that <fioTr(ri) 6 [i~^f (u). To describe this property we observe that a straightforward 
calculation using the explicit form of the isomorphism t(j^_ rii ._s i .y shows that the ro_-component 
Y of the map <f> o 7? in the image G* with respect to factorization (|7.2p has the form 

Y : Spcc(Zo) N-, 



(8-15) Y = exp(yp D X-p D )exp(y po _ 1 X-p D _ 1 )...exp(y Pi X-p 1 ), 

where y~ = k a f™, for some k a S C, k a ^ 0, and y~ should be regarded as complex- valued functions 

on Spec(-Zo). Note that the elements f a e '(tn_) are constructed using the normal ordering 

opposite to (|6.8I) , so the order of terms corresponding to roots in the product (|8.15[) coincides with 
the order of roots in normal ordering (|6.8|) . 

The following property of elements -q e Spcc(Z ) , (p n(v) G fj,^£ (u) is a direct consequence of 
formula (|8.15[) and of the definition of the variety fUf (u) in terms of the map /xm+ (see formulas 
(im (1771) and flTJHD ). 

Lemma 8.6. Let rj be an element o/Spec(Zo). Assume that 07^(77) £ (1^(11). Then for (3 G A m+ 
we have 

(8-i6) vif?) = { d : = ^ {ZT i=1 ••:•' , ' . 

10 /3 {71,..., 7/4 

Finally consider the subalgebra C/^(f)) C ^(0) generated by L\,...,Li. Since ^(L™ 1 ) ^ 0, 
i = 1, . . . , / the elements L±, . . . , L\ act on any finite-dimensional £/,; ({j)— module V as mutually com- 
muting semisimple automorphisms. Therefore if by a weight we mean an Z -tuple cu = (cji, . . . ,u)i) £ 
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(C*) ; , the space V has a weight decomposition with respect to the action of U v (f)), 

V= V m 

u£(C*)' 

where 

V u = {v E V, LiV = ujiv, Wj € C*, i = l,...,l} 

is the weight space corresponding to weight u). 

Observe that by Proposition ^. II for any two roots a, /3 £ A m+ such that a < (3 the sum a + j3 can 
not be represented as a linear combination 53*-=i c kli k j where E N and a < 7^ < . . . < 7i fc < /J, 
and hence from commutation relations (15.91) one can deduce that the elements E t/^(m_), /3 E 
A m+ , (3 g' {71, ... ,7/'} generate an ideal J in 17^ (m_). 



Lemma 8.7. Let 77 oe an element o/Spec(Zo). Assume that ti ^ 0, i = 1, . . . , V in formula |7.<S| j and 
0°^) G M M ! + (u), so that 77(/™) = dj ^ 0, » = 1, . . . , V and ff = for p E A OT+ , $ { 7l) . . . 
Then the ideal J is the Jacobson radical o/[/ l; (m_) and U v {m.-)/J is isomorphic to the truncated 
polynomial algebra 

C[/^,...,/ w ]/{/£ = di}i= w 

Proof. Since /™ = 0, /3 E A m+ , /? {71,..., 7^} we have J m — 0, and hence the ideal J is 
nilpotent. We deduce that J is contained in the Jacobson radical of £/, ( (m_). 
Using commutation relations (|5.9[) we also have (see the proof of Theorem [ 



fiifij fijfij e 3 ■ 

Therefore the quotient algebra U v (yc\—)/J is isomorphic to the truncated polynomial algebra 

C[/ n ,...,/ 7l ,]/{/™ = d i }i =w 

which is semisimple. Therefore J coincides with the Jacobson radical of J7^(m_). □ 

Next, commutation relations (|5.9p and part (iv) of Proposition [5~51 also imply the following lemma. 

Lemma 8.8. Let f3\, . . . , /3d 6e </ie normal ordering o/A + opposite to A6.8\) . Then for any character 
n : Zq — > C £/ie elements . . . fV^f~^ ■ ■ ■ /",'/ > where ri,nj E N, < rj, n, < m — 1, i = 1, . . . I?, 
_?' = !,..., Z', and r^ can 6e strictly positive only if fii E A m+7 /3j g" {71, . . . ,7;/}, /orm a linear basis 
ofU v (m-). 

The elements . . . f£f% . . . n , nj £ N, < n, nj < m - 1, i = 1, . . . D, j = 1, . . . , V , n 
can be strictly positive only if E A m+7 /3j {71, ... ,7c}, and at Zeast one r^ is strictly positive, 
form a linear basis of J . 

In Theorem 16. 21 we constructed some characters of the algebra U* (m_ ) . Now we show that the 
algebra ?7^(m_) has a unique up to isomorphism irreducible representation which is one-dimensional. 

Proposition 8.9. Let 77 be an element of Spec(Zo). Assume that ti ^ 0, i = 1, . . . , I' in formula 
and cj> o %{rf) E (u), so that v(f™) = d, ^ 0, i = 1, . . . , I'. Then all nonzero irreducible 
representations of the algebra t/^ (m_ ) are one-dimensional and have the form 



(8-17) xifp) 



|0g{7i,...,7i'} 
Ci fi = Ji 



where complex numbers C{ satisfy the conditions c™ = di, i = I,..., I'. Moreover, all irreducible 
representations C x o/[/,,(m_) are isomorphic to each other. 
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Proof. Let V be a nonzero finite-dimensional irreducible £/,,(m_)-module. By Lemma 18761 elements 
of the ideal J C U n (m-) act by nilpotent transformations on V. Therefore from Engel theorem one 
can deduce that the subspace Vj = V\xv — Mx £ J^}, Vj C V, is nonzero. 
Using commutation relations (|5.9[) we have (see the proof of Theorem 16.21) 



These relations and the fact that J is an ideal in t/^ (m ) imply that the elements / 7l , . . . , /~ , act on 

Vj by mutually commuting endomorphisms. Note that by Lemma 151)1 r)(f™) = dj^0,i=l,...,/' 
and hence elements f li act on Vj and on V by semisimple automorphisms. 

Let v £ Vj be a common eigenvector in Vj for the mutually commuting semisimple automor- 
phisms generated by the action of / 7l , . . . , f lv , = CjU, Cj 7^ 0, i = 1, . . . , V . By construction the 
one-dimensional subspace generated by v in V is a submodule. Since V is irreducible this subspace 
must coincide with V . Thus V is one-dimensional. If we denote by y : J7^(m_) — > C the character 
of U v (m-) such that 

*<«={: ^"-^ 

and by C x the corresponding one-dimensional representation of U v (m-) then we have V = C x . 

Now we have to prove that the representations C x are isomorphic for different characters \- Note 
that r)(f™) = di 7^ 0, i = 1, . . . , I' and hence we have the following relations in J7^(m_): /™ = di, 
i = 1, . . . , I'. These relations imply that x(/™) = c\ n — di, i — 1, . . . , I' . Therefore for given n such 
that <f> o 7r (77) € fj,~^j (u) there are only finitely many possible characters \- 

If X and x' are two such characters such that x(/ 7i ) = Cj, i = 1, . . . , /' and x'if-n) = cj, i = 1, . . . , Z' 
then the relations c™ = c- m = dj, i = 1, . . . , I' imply that c- = e mi Ci, < to, < m — 1, e Z, 
« 1 /'• 

Now observe that for any ft, 6 \) the map defined by f a i-> e "^ f a , a S A m+ is an automorphism 
of the algebra f7| 1 (m_ ) generated by elements f a , a £ A m+ with defining relations f|5.9[) , and if 
in addition £ m 7iO) — ^ j — 1,...,/' the above defined map gives rise to an automorphism q of 
Uri(m-). Indeed in that case (e^W / 7i ) m = /™, i = 1, . . . , /' and all the remaining defining relations 

*?(/") = * 0. * = V(f™) = 0, P G A m+ , /3 £ {71,..., 71'} of algebra C^(m_) are 

preserved by the action of the above defined map q. 

Now fix ft 6 I) such that ~fi(h) — mi, i = 1, . . . , V , Obviously we have s mmi = 1, i = 1, . . . , V . We 
claim that the representation C x twisted by the corresponding automorphism q coincides with C x > . 
Indeed, we obtain 

xW 7 J = x(e mi U) = e m ' Cl = 4 i = 1, . . . , I'. 
This establishes the isomorphism C x ~ C x i and completes the proof of the proposition. □ 

Let V be a f7^(g)-module, 77 be an element of Spec(Z ) such that 0o 77(77) e Mm Assume 
that tj 7^ 0, « = 1, . . . , I' in formula (|7.8p . Let x : J7^(m_) — > C be a character defined in the 
previous proposition, C x the corresponding one-dimensional L^(m_)-module. Then the space V x = 
Homjj ( m _)(C x , V) is called the space of Whittaker vectors of V . Elements of V x are called Whittaker 
vectors. 

The following proposition is an analogue of Engel theorem for quantum groups at roots of unity. 

Proposition 8.10. Assume thatti ^ 0, i = 1, . . . , I' in formula &7.8\ ). Suppose also thatYjQ2[ = i rncfi 
mp for any mi £ {0, . . . , m — 1}, where at least one of the numbers mi is nonzero, p £ Z and 
j = 1, . . . , I. Let 7] be an element of Spec(Zo) such that <j> o lr{rj) £ (u). Let \ ■ f/jj(tti_) — > C be 
a character defined in the previous proposition. Then any nonzero finite-dimensional [/^(g) -module 
contains a nonzero Whittaker vector. 
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Proof. Consider the subalgebra U v (m- +t)) in U v (q) generated by the elements of U v (m-) and by 
Lf 1 , i — 1, . . . , I. Let 1 be the ideal in U v (m- + f)) generated by J. 

Lemma 8.11. Assume that ti ^ 0, i = 1, . . . , I' in formula |7.<j?[ ). Suppose also that YjQ2 i=1 m^i) ^ 
mp for any mi 6 {0, ...,m — 1}, where at least one of the numbers mi is nonzero, p G 7L and 
j = 1, . . . , /. Let rj be an element of Spec(Z ) such that (f> o 77(77) £ Mm + Let Vq be a nonzero 
finite-dimensional C/, ; (m_ + t))/I-module. Then Vq is free over the subalgebra A of L^(m_ + f))/X 
generated by the classes of the elements fy i; i = 1, . . . , I' in L^(m_ + f))/I, and one can choose a 
weight A-basis in Vq. Fix numbers q, i = 1, . . . ,V such that c" 1 = di, i = 1, . . . ,1' , where di are 
defined by &8.16]) . Then the rank of Vq over A is equal to the dimension of the subspace ofVo which 
consists of elements v such that f 7i v = CiV, i = 1, . . . , I' 

Proof. Denote the classes of i = 1, . . . , I' and of Lf 1 , i = 1, . . . ,1 in U v (m- + f))/I by the same 
letters. Then U v (m- + ij)/T has generators f li ,i — l,...,V and Lf 1 , i = 1, . . . , I, and relations 

LiL i 1 — 1, LiLj = LjLi,L™ 1 = n(Li), f li f lj — f- fj f li , f™ — di, Lif 7j = e^ 7 ^ f yj Li. 

From the relations L™ = r/(Li) ^ and /™ = di we obtain that the elements / 7l , . . . , f lv and 
L\, . . . , Li act on Vq by semisimple automorphisms. In particular, Vq has a weight space decompo- 
sition for the action of the commutative subalgebra generated by the Li. If v e Vq is a vector of 
weight to then 

(8.18) L,m . . . /«<; v = & ">^/ 7 7 . . . f%; v . 

Since Y^(Y].^ rriiji) ^ mp for any mi S {0, . . . ,m — 1}, where at least one of the numbers mi is 
nonzero, p £ Z, j = 1, . . . , I and elements / 7i act on Vq by semisimple automorphisms, (18. 18)) implies 
that the nonzero vectors Z" 1 . . . /"//w have different weights for different /'-tuples (rii, . . . , n;/), < 
rii < m — 1, and hence they are linearly independent in Vo- 

This implies that one can choose linearly independent weight vectors u& € Vo, k = 1, . . . , M such 
that 

M 

Vq = Vq (direct sum of A — modules) , 

where V k is the free ^4-module with the linear basis f™* . . . /"//ufe, for < n, <m— 1, i = l,...,i'. 
One check directly that the vectors 

I m — 1 

n E cr +1 ^°' +1)pi /^ < Pl < m - 1 

form another linear basis of V k , and the vector 

/ ' m — 1 

(8.19) ^ = nE c r +1 ~ 3 /> 

i=i 3=0 

is the only vector in V k satisfying the conditions f 7i Wk = CiWk, i = 1, . . . ,V . Thus the rank M of 
Vq over A is equal to the dimension of the subspace of such vectors. □ 

Now recall that by Lemma T8.6I elements of the ideal I C U n (m- + f)) act by nilpotent transfor- 
mations on V . Therefore from Engel theorem one can deduce that the subspace Vx = {y £ V\xv = 
Vx £ I}, Vx C V , is nonzero. Now the statement of Proposition 18.101 follows from Lemma [8.111 
applied to the U v (m- + ())/X-module Vx and the definition of Whittaker vectors.. □ 
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9. Some properties of finite-dimensional modules over quantum groups at roots of 

UNITY 

This section is central in the paper. We shall prove that finite-dimensional modules over quantum 
groups at roots of unity are free over certain subalgebras. More precisely, we have the following 
theorem. 

Theorem 9.12. Let £ be an element of Spec(Zo). Assume that Yj{^2\=i m ili) ^ m P f or an V 
TUi G {0, . . . ,rn — 1}, where at least one mi is nonzero, p G Z and j = 1, . . . , I. Assume that the 
roots 71, . . . , 7„ (or 7„+i, . . . , ~/i>) are simple or one of the sets j±,...,j n or 7„+i, . . . ,ji> is empty. 
Suppose also that ti ^ 0, i = 1, . . . , /' in formula |7.<§p and that there exists a quantum coadjoint 
transformation g' such that (jiOTrirf) G fJ,^ (u), where r\ = g'(. Then there exists a quantum coadjoint 

transformation 7j G Q such that <fi o ix{cjrj) G pj,j + (u) and any nonzero finite-dimensional Ug^Q)- 
module V is free over £/g r) (m_) of rank equal to the dimension of the space of Whittaker vectors V x , 
where x is a character of Ug^va.-), and hence any nonzero finite-dimensional Uq(q) -module is free 
over g'^ 1 g- 1 Ug ri (xn-). 

Proof. Let rj be an element of Spec(Z ) satisfying the conditions imposed in the formulation of 
Theorem 19.121 r\ = g'£ and g G Q an arbitrary quantum coadjoint transformation such that cf> o 
^(OT) 6 A*m + ( u )- Let V be a finite-dimensional nonzero Ug V (Q)-module. 

In the proof we shall use the notation of Lemma 18.111 By Lemma 18.61 elements of the ideal 
I C Ug V (m- + f)) act by nilpotent transformations on V. Therefore from Engel theorem one can 
deduce that the subspace Vx — {v G V\xv = Vi e I}, Vx C V, is nonzero. 

By Lemma T8.1 II W is free over the algebra A with a weight basis Vk, k = 1, . . . , M. As in Lemma 
18.111 we denote by V% the free ^l-submodule in Vx generated by Vk- 

Since the elements / 7i act on Vx by semisimple automorphisms the m-th powers of which are 
multiplications by nonzero numbers we can assume that if V^ and V^ contain vectors of the same 
weight then the weight of Vk is equal to the weight of iv . 

Let V^ be the linear space with the linear basis Ufc € V, k = 1, . . . , M. Fix a basis B of V which 
consists of weight vectors and contains all elements Z™ 1 . . . f" t l ,'vk, for < n t < m — 1, i = 1, . . . , I', 
k = 1, . . . , M . Let p : V — > V^ be the linear projection such that pv — for v e B, v ^ Vk for some 
k. Obviously p sends weight vectors to weight vectors. 

Consider the left Ug V (m_ )-module Homc(t r g^(m_), V£) with the left Ug V (m_ )-action induced 
by multiplication in Ug V (m-) from the right. Note that since by Proposition 18.51 the algebra 
Ug^lm^) is Frobenius and the space V x is finite-dimensional we have a Ug V (m,-) -module isomorphism 
Homc(/7g^(m_), V£j — Ug V (m-) <8> V x . Therefore Homc(?7^(m_), V x ) is a free J7g I) (m_)-module. 

Now let a : V — > Home (m_), V x ) be the homomorphism of [7g ?? (m_)-modules defined by 
o~(v)(x) = p{xv) 1 x £ C/g I( (m_), v G V. We claim that a is an isomorphism when <? is chosen in an 
appropriate way. Since Homc(?7g ?? (m_), V x ) is a free (7g I) (m_)-module this will imply that V is free 
over Ug V (m-) of rank equal to the dimension of V x . By Lemma \8 . 1 1 1 that dimension is equal to the 
dimension of the space of Whittaker vectors in V. 

First we show that a is injective. Indeed, the kernel Ker a of a is a Ug V (m_ )-submodule of V, 
and hence, by Engel theorem, if Ker a ^ {0} it must contain a nonzero element v annihilated by 
the nilpotent transformations fp, j3 G A m+ , j3 G" {71, . . . , 7z'}. Thus by definition v G Vx. Since 
Vx is free over A with basis vu , v can be uniquely represented as a linear combination of elements 
Z" 1 . . . ffivk, for < m < m - 1, i = 1, . . . , J', k = 1, . . . , M, 

0<rii<m-l,k=l,...,M 
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Recall that elements / 7i act on V by automorphisms the m-th powers of which are multiplications 
by nonzero numbers. Therefore if cjj, n , 7^ then the element w — f™, '' ■ ■ ■ f"l ni v can be 
represented in the form 



0<ni<m—l,k=l,...,M 

where d* ^ 0. 
Now we have 



a(w)(l) = p(w) = E d o...o v k, 

k=l,...,M 

where at least one coefficient d^ ^ 0. Since the elements are linearly independent we deduce 
that a(w)(l) 0, and hence a(w) ^ 0. 

On the other hand if v £ Ker a then we also have w = f™, /™ ni v G Ker <r since Ker a is 

a J7g^ (m_ )-submodule of V. Thus we arrive at a contradiction, and hence a is injective. 
Now we prove that a is surjective. We start with the following lemma. 

Lemma 9.13. Let r\ be an element o/Spec(Zo). Assume that the roots 71, ... , 7 n (or 7^+1, 7;' J 
are simple or one of the sets 71,.. • ,7 n or 7n+i, . . . , 7/' is empty. Suppose also that U ^ 7 i = 
in formula ( |7.#| ) and £/ia£ </> o 77(77) € / i M + (' lt )" ^T^ 71 i/iere exists a quantum coadjoint 
transformation g £ Q such that <ft o 7r(.gr/) 6 ^m + {u) and for any a £ A m+; a ^ {71, ... ,7;/} any 
nonzero finite-dimensional Ug^Q) -module V is free over the subalgebra Ug^ifa) °fUg ri (Q) generated 
by the unit and by f a . 

Proof. Recall that by Lemma l8?6l for a £ A m+ , a {ji, . . . , 7^} we have /™ = 0. Hence Ug V (f a ) is 
isomorphic to the truncated polynomial algebra Ug rj (f a ) = C[/ Q ]/{/™ = 0}, and in order to show 
that V is C% 7) (/ Q ,)-free it suffices to verify that all Jordan blocks of the nilpotent endomorphism 
given by the action of f a in V have size m. 

Denote by Vf a the kernel of f a in V. Since /™ = the subspace Vt a is not trivial. Let Wi, 
i = 1, . . . , P be a linear basis of V/ a . We show that the vectors e^Wi, k = 0, . . . , m — 1, i = 1, . . . , P 
are linearly independent. 

Assume that they are linearly dependant. Then there are nonzero elements w\ £ Vf a , k = 
0, . . . , Q, Q < m — 1 such that 

Q 

(9.20) E a fc e " w fc = ' 

fe=0 

where € C and aq 7^ 0. 

Now from formula (13), Sect. 9.3 in [9] we deduce the following commutation relations 

(9-21) f a e k a = e k J a - [k] ea e k a ~ l £a ° ° , 

where if a = . . . s ip _ 1 a ip then if a = . ..T ip _ 1 K ip . 

Applying f a to relation (|9.20[) . using commutation relations (|9 . 2 1[) and the fact that f a v = for 
ant v £ Vf a we obtain that 



(9.22) 2^ afeC « w fc - u - 

fe = l ^ a ^ Q 

Now observe that commutation relations Lif a — e Yi ^ f a Li and the definition of K a imply that 
V/ Q is an invariant subspace for the action of ■ Therefore in (|9.22l) — — <*n — —w\ £ Vf a . We 



2(i 



A. SEVOSTYANOV 



claim that one can choose a quantum coadjoint transformation g € Q such that (j) ° ^(gv) G Mm+ ( m ) 

and vectors — — — — """^ are an nonzero in (|9.22[) . 

Let H' be the subgroup of H which corresponds to the Lie subalgebra t)' C I) and H' C i? be 
the subgroup corresponding to the Lie subalgebra f)' C f) so that iJ = H'H' 1 ' (direct product of 
subgroups). Since any a £ A m+ , a $ {71, . . . ,72'} has a nonzero projection onto [)' one can find 

h £ H' such that (h(K™))m ^ fc ^ for all a £ A m+ , a $ {71, . . . ,7;/}, k = l,...,m — 1, and for 
all roots (h(K™))™ of degree ^ of By Lemma O for 7/ e Spec(Z ), o 5r(ry) G 

one can find a quantum coadjoint transformation g £ Q such that <\> o ir(gr)) £ //^ (it) and the 
i? = Spec(Zo)-component 3770 of 377 in Spec(Zg~) x Spec(Zo) x Spec(Z^) is equal to h. Thus 
we have (gr](K^))^ = (grj (K^))^ = (h(K™))^ ? el^ for all a £ A m+ , a £ {71, ■ • ■ ,7«'}> 
k = 1, . . . ,m — 1, and for all roots (gr](K™))~ of degree -| of gr](K™). 

Since if™ = 9V(K™) m ^ot(o) the numbers (gr](K™))™ exhaust all possible eigenvalues of in 
V, and hence the operators if 2 — e^ 1 fe ' acting in V are invertible for all a £ A m+ , a £ {71 , . . . , 7;' } , 
= 1, . . . , m — 1. Therefore the operators 

are invertible as well. 

Thus vectors -a °~ ° t — —w\ are all nonzero in (19.22[) . and from (|9.22[) we obtain the following 

relation 

Q 

fc=i 

where £ Vf a are nonzero vectors. 

Applying successively f a to the above relation Q — 1 times and using similar arguments we obtain 
that 

Q-l n 

for a nonzero vector w^ 1 £ Vf a ■ This is a contradiction. Thus the vectors e^Wi, k = 0, . . . , m — 1, 
j = 1, . . . , P are linearly independent. The last assertion implies that dim V > m dim Vf a . Since 
the Jordan blocks of f a in V have size at most m we also have the opposite inequality, dim V < 
m dim V/ Q . Thus dim V — m dim Vf a , and hence all Jordan blocks of f a in V have size m. This 
completes the proof. □ 

From now on we assume that g £ Q is fixed as in the previous lemma. Recall that we already 
proved that the i7g ?) (rri_)-module homomorphism 

o" : V ¥ Hom c ([/j,(m_),^) = C^,(m_) ® V£ 

is an imbedding. Thus V is a submodule of the free Ug V (m_ )-module [7g^(m_) <g> Vj. 

Let Pi, ... , Pd be the normal ordering of A + opposite to (|6.8j) . Then by Lemma [8751 the elements 
fpn-" f^Jii ■ ■ ■ f-ri' ' where n j € N, < n,rij < m - 1, i = 1, . . .D, j = 1, . . . , Z', and r, can 
be strictly positive only if /3, G A m+ , /3j ^ {71, . ..,7;/}, form a linear basis of J7^(m_). Hence the 
elements 

(9-23) A? 

{jSii , • ■ • , ftt } = A m+ \ {71, . . . , 7J/}, /3i! < . . . < fc L form a linear basis of [/^(m-) ® V^. 
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Lemma 9.14. There exist elements 

M 

(9.24) v k = E ■ • • /";; ® * e c^fa-) ® 14, * = 1, • • • , r, e c 

0<ni ,. . . ,7l(; <m i=l 

suc/i i/iai the elements 
(9.25) 

r^.-.f^vk, {A 1 ,...,AJ = A w+ \{ 7l ,..., 7 ^},A 1 <-..<A i , 0<ri<m-l, fc = l,...,Ji 
is a linear basis of the Ug V (m-)-submodule V C [/^(rri-) (X) Vj. 

Proof. We prove the statement of the lemma by induction. First, by the previous lemma V is 
free over U^ v (fp t ). Let be a £/j^ (/& )-basis of V. Consider V as a t/^ (m_ )-submodule of 
Uj n (m-) ® V^. Then using basis (|9.23[) one can write 

M 

v k = E X/ C ni-n i 'ri...r i /ft 1 • • • /^/"i • • ■ ® Wi ' c ni...n,/ri...r z , e C. 

< 711 1 ■ - ■ ) < "i, i=l 
< t"i, . . . , < m 

From the last identity we obtain that 

M 



< ri , . . . , _ 1 < m 

M 

E X ^..n,,,,..^ ■ • • r&w • • • f% ® «< G Im / Ax 



0<ni,...,n i /<m, i — 1 

< ri, . . . , tl < m, rjj > 

and hence 

M 

v k - X X C n 1 ---n l ,ri...rL-i,ofpt L li ' ' ' ^ ^"i ' ' " ^7i'' ® Wi = 

< ni , . . . , ri;/ < w, 2—1 
< ri, . . . , r_c_i < m 

JTi— 1 
g s — 1 

Since /™ = elements 

m— l M 

^ = - E E 4/1^ E E ^..^,..^,0/^ ■ • • rx ■ ■ ■ s% ® «< 

(? s — 1 < ?ii , . . . , n L r < m, i— 1 

0<ri,...,r^„i <m 

form another Ug V {fp i )-basis of V. 

Now assume that for given L > p > there are elements 

M 

(9-26) v P k +1 = E E^-n—^X ■•■/",'/ ®«* 

< 7li , . . . , n^/ < m, 2— 1 
< r*i , . . . , Tp < m 

such that 

( 9 - 27 ) ^-flZ^ 1 
is a linear basis of V. 
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The subspace Vp of V generated by elements (|9.26[) is Ug V (fp i )-invariant since V is C/g I) (/ ( g i )- 
invariant, the subspace W p in Ug V (m—) ® V% generated by elements of form (|9.26|l with arbitrary 
coefficients cj* l Tl rp is Ug V (fp ip )-invariant and Vp = W p D V. 

Using commutation relations (|5.9[) and the previous observation we immediately obtain that the 
subspace V p of V spanned by elements (|9.27l) with at least one n > is also f/^(/ft )-invariant. 
Thus V = Vp® V^ is a direct sum of Ug V (fj3 ip )-modules. Since by the previous lemma V is Ug^f^ )- 
free its direct summand Vp is Ug ri (f0 i )-free as well. 

Let 

M 

V k= E E C "i ■ ■ ri . . .r p //9< p • • • ff)^ /"i • • • /"// ® v i 

< ti i , . . . , Tl ; / <m, J— 1 
5: r l i ■ ■ ■ > r p < m 

be a t/p^ (/^ )-basis of Vp. Then we have 

M 

V k~ E X! C ni...n l ,r 1 ...r p - 1 of/3 P Ip ' 1 • • ■ F$ H f"t • ■ • /",'/ ® «i = 

< ri , . . . , r p _ i < m 

M 

E E C n,..n„r,.., p /, r ; • • - f& ft • • • /?// ® «l € Im 

0<ni,...,ri ; /<m, I— 1 

< ri, . . . , r p < m, r p > 

and hence 

M m-l 

«s - E E <..,, i ,,,.., P - l0 /;:;„ 1 1 • • • ft ■ ■ ■ ft; ®^ = EE 

< ni, . . . , n,/ < m, i=l s=l 
< r\ , . . . , r~_i < m 



3 

Since = elements 



m-l M 



% = < - E E ^ A< E E jr 1 , -ftfZ-fX®* 



q s=l o < m, . . . , nj/ < m, »=1 

< ri , . . . , Tp—i < m 



^ni...n l rri...r p -i C n\...n l ir\...r p -\Q 



form another Ug V ( /ft p )~basis of Vp, and hence elements 



form a linear basis of V . 

Finally induction over p proves the statement of the lemma. □ 

Now consider the linear subspace V C V generated by elements Vk, k — 1, . . . , R. By the definition 
of the elements Uk and of the ideal J the space V is isomorphic to the quotient V j JV . Moreover, 
since elements Lf 1 act on V by mutually commuting semisimple automorphisms and normalize the 
ideal J in the sense that if x G J then LixL^ 1 £ J, the quotient V/ JV is also isomorphic to the 
Ug V (m- + [j)-module V/1V as a /7g ?; (m_)-module, and V ~ V/IV as a [/^(m^-modulc. 

By Lemma f8 . 1 1 1 V/IV is free over the algebra A. Obviously, A — Ujr, (m_ )/J, and hence 
V ~ V/IV is an isomorphism of ^.-modules. 
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Therefore there are elements Vk € V, k = 1, . . . , T such that Z" 1 . . . f^'vk form a linear basis of 
V. Thus by the previous lemma elements 

r& • . • r& z; 1 . . . , . . . , a j = a w+ \ { 7 i, . . . , -n>h 

fa < ... < j3 iL , < r i} rii < m - 1, k = l,...,T 

form a linear basis of V, and by Lemma [8.81 V C E/g„(m_) 8> V^- is a free C/g I) (m_)-submodule of 
the free U gv (m_ )-module C/g^(m_) ® Vj. Therefore V" has the form U gri (m—) ® W, where W C 
is a linear subspace. But by construction the subspace 1 <8> C f7gr,,(m_) ® is contained in the 
image of the f/^(m_)-module homomorphism <j : V — > U gri (m-) ® V^. Therefore W = V^, and er is 
surjective. This completes the proof of the theorem. 

□ 

From the previous theorem and the fact that dim (m_ ) = m dlm m_ we immediately obtain 
the following corollary. 

Corollary 9.15. Assume that the conditions of Theorem ] 9.1!$ are satisfied. Then the dimension of 
any finite-dimensional U^^-module V is divisible by m dlm m_ , and dim V = m dlm m ~dim V x . 

Proposition ! 7 . 41 implies that 2dim m_+dim E s = dim G. Therefore dim m_ = |(dim G— dim E s ). 
By Proposition l7.2I S c is transversal to the set of conjugacy classes in G. Therefore by Proposition l4.3l 
and by the definition of maps <f> and n for n £ Spec(Zo), 0o7r(7i) £ fi^ (u) we have dim G — dim £ s < 
dim O v , where O v is the C?-orbit of?/. In [11 De Concini, Kac and Procesi formulated the following 
conjecture. 

Conjecture 9.16. (De Concini, Kac and Procesi (1992)) The dimension of any finite- 
dimensional irreducible U v (g)-module V is divisible by m^ dlm 0,1 . 

By Proposition 14.41 it suffices to verify this conjecture in case of elements r\ £ Spec(Zo) such that 
7T77 £ G° is exceptional. Recall that by the discussion above for r\ £ Spec(Z ), 4> on(r]) £ \x~^ (u) the 

dimension of any finite-dimensional U n (0)-module V is divisible by m^ dml G ~ dlm Remind also 
that the map 4> is induced by the conjugation action. Combining these facts with the description of 
the quantum coadjoint action orbits in Proposition 14.31 in terms of the finite covering 7r we deduce 
that for 77 £ Spec(Zo) such that irrj G G° is conjugate to an element from qy^ (u) the dimension of 

any U v (q) -module V is divisible by m dim m - by Corollary I9TT51 Recalling that S s nG°C ?(/%+ («)) 

and E s C q(n~M + (u)) (see Proposition 17.41) . so dim £ s = dim E s n G°, one obtains that De Concini- 
Kac-Procesi conjecture follows from the following statement. 

Statement For the conjugacy class O g of every exceptional element g £ G° there exists a Weyl 
group element s £ W such that the roots 71, . . . , 7„ (or 7n+i, ... ,7;' J appearing in decomposition 
h5.1\) of s are simple, with respect to a system of positive roots associated to s in Section\Si or one 

of the sets 71, ... , 7 „ or J n+ x, ...,Ji> is empty, Yj(Y,i=i m *7i) m P f or an V m i € {0, . . . , m - 1}, 
where at least one mi is nonzero, p £ Z and j = 1, ...,/, and O g is strictly transversal to the 
transversal slice T, s n G° in the sense that O g intersects E s n G° and dim G — dim £ s = dim O g . 
This statement will be proved in a subsequent paper. 

10. A CATEGORIAL EQUIVALENCE 

In this section we establish an equivalence between categories of finite-dimensional representations 
of quantum groups and of q-W algebras at roots of unity. This is a version of Skryabin equivalence 
for quantum groups at roots of unity (see [29]). 
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In this section we assume that the conditions of Theorem 19.121 are satisfied. We shall also use the 
notation introduced in that theorem. For given 77 £ Spec(Zo), <j> o 77(77) £ A*m ( u ) we assume that a 
quantum coadjoint transformation g £ G is fixed as in Theorem 19 . 1 21 and denote £ = 1777 € Spec(Zo). 
Let x be a character of J7^(m_), C x the corresponding representation of [/$ (m_). Denote by Q x the 
induced left J7^(0)-module, Q x = U^(g) ®ut(m-) ^x- Let Wj! (G) = End [/5 ( g )(Q x ) opp be the algebra 
of (g)-endomorphisms of Q x with the opposite multiplication. The algebra (G) is called a q-W 
algebra associated to s S W. Denote by U^(g) — mod the category of finite-dimensional left U^(q)- 
modules and by W*(G) — mod the category of finite-dimensional left W* (G)- modules. Observe 
that if V £ U^(q) — mod then the algebra W'(G) naturally acts on the finite-dimensional space 
V x = Hom(/ £ ( m _)(C x , V) = Hom[/ 5 ( B )((5 x , V) by compositions of homomorphisms. 

Theorem 10.17. The functor E 1— > Q x ®w B (G) E establishes an equivalence of the category of 
finite-dimensional left W£(G) -modules and the category U^(g) — mod. The inverse equivalence is 
given by the functor V 1— y V x . In particular, the latter functor is exact, and every finite-dimensional 
U^{q) -module is generated by Whittaker vectors. 

Proof. Let E be a finite-dimensional W/(G)-module. First we observe that by the definition of 
the algebra W e s (G) we have W e s (G) = End[/ ? ( g )(Q x ) opp = Hoimy ( m _)(C x , Q x ) = (Q x ) x as a linear 
space, and hence (Q x ®w{{G) E)x ~ ^- Therefore to prove the theorem it suffices to check that for 
any V £ t^(fl) — mod the canonical map / : Q x (&w=(G) V x ^ V is an isomorphism. 

Indeed, / is infective because otherwise its kernel would contain a nonzero Whittaker vector by 
Proposition ETO] But all Whittaker vectors of Q x ®w»(g) Vx belong to the subspace 1 ® V x , and the 
restriction of / to 1 ® V x induces an isomorphism of the spaces of Whittaker vectors of Q x ®ws ^ V x 
and of V. 

In order to prove that / is surjective we consider the exact sequence 

-> Q x ® Wi{G) V x -> V -> W -> 0, 
where W is the cokernel of /, and the corresponding long exact sequence of cohomology, 
-> Ext° {(m _)(C x ,Q x ® WS{G) V x ) Ext^^C^F) -> Ext° ?(m _ } (C x , W) 

-> Ext a 5 (m_)(C x ,Q x 8>W?(G) ^c) -»• •••• 

Now recall that / induces an isomorphism of the spaces of Whittaker vectors of Q x ®w°{G) Vx 
and of V. By Theorem 19 . 1 21 the finite-dimensional L 7 ^f(g)-module Q x ®w°(g) V x is free over C/j(m_). 
Since {/^(m_) is Frobenius Q x (g)w|(G) i s a ^ so injective over [/g(m_), and hence 
Exty 5 ( m _)(C x , Q x ®w«(g) ^x) =0. Therefore the initial part of the long exact cohomology sequence 
takes the form 

-> v x -»■ y x -»• w x -»• 0, 

where the second map in the last sequence is an isomorphism. Using the last exact sequence we 
deduce that W x = 0. But if W is not trivial it will contain a nonzero Whittaker vector by Proposition 
18.101 Thus W = 0, and / is surjective. This completes the proof of the theorem 

□ 

Next we study some further properties of q-W algebras at roots of unity and of the module Q x . 
First we prove the following lemma. 

Lemma 10.18. The left U^{o)-module Q x is projective in the category U^(g) — mod. 

Proof. We have to show that the functor Honij/ ( r g \(Q x , •) is exact. Let V be an exact complex of 
finite-dimensional l/e(g)-modules. Since by Theorem 19.121 ob iects of E/$ (g) — mod are {/^(m_)-free, 
and {/^(m_) is Frobenius we have 

V = U(:(m-)®V' ~ l/ c (m_)* ® V, 
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where V* is an exact complex of vector spaces and the action of t/f (m_) on L/e(m_)* is induced by 
multiplication from the right on f/,t(m_). 

Now by Frobenius reciprocity we have obvious isomorphisms of complexes, 

Uom uds) (Q x ,V) ~ Uom U({B) (Q x ,U e (m-y = Hom[/ ? ( m _)(C x , f7 e (m_)* <8> V') ~ 

~Homc(Z7 c (m_)® £/€(ra _ ) C x ,F , )=F , ) 

where the last complex is exact. Therefore the functor Hom U(: ( m _}(Q x , •) is exact. 

□ 

The following proposition is an analogue of Theorem 2.3 in [35] for quantum groups at roots of 
unity. 

Proposition 10.19. Let rj € Spcc(Z ), 4> o 77(77) S Mm ( u ) assume that a quantum coadjoint 
transformation g E Q is fixed as in Theorem \ 9. 12[ Denote £ = 377 G Spec(.Z'o) and d = m dlm m ~. 
Lef x ^ e a character of U^(m ), C x ifte corresponding representation of U^(m ). Then Q x ~ U^(g) 
as Ze/t U^(Q)^modules, l^(g) ~ Mat d (W £ s (G)) as aZ<?eoras and Q x ~ (H/ s (C7)°PP) d as ripfa W £ S (G)- 
modwfes. 

Proof. Let i = 1, . . . , S be the simple finite-dimensional modules over the finite-dimensional 
algebra U^(q). Denote by Pj the projective cover of Ei. Since by Theorem 19 . 1 21 the dimension of Ei 
is divisible by d we have dim Ei — dr i} r*j € N, where is the rank of Ei over Z7^(m_) equal to the 
dimension of the space of Whittaker vectors in Ei. By Proposition 2.1 in [35] 

^(g) = Mat d (End [/5(g) (P) ^), 

S 

where P = 0? =1 P/\ Therefore to prove the second statement of the proposition it suffices to show 
that P ~ Q- Since by the previous lemma Q x is projective we only need to verify that 

n = dim Eom Ut ^)(P,Ei) = dim Rom Ut;(s )(Q x , Ei). 

Indeed, by Frobenius reciprocity we have 

dim Kom U( ( B j(Q x ,Ei) = dim Homiy 5 ( m _) (C x , Ei) = n. 

This proves the second statement of the proposition. From Proposition 2.1 in [29) we also deduce 
that P d ~ J/f(fl) as left t/£(g)-modules. Together with the isomorphism P ~ Q this gives the first 
statement of the proposition. 

Using results of Section 6.4 in [26j and the fact that Q x is projective one can find an idempotent 
e e U^(q) such that Q x ~ U^(o)e as modules and W^(G) ~ eL^(g)e as algebras. 

By the first two statements of this proposition one can also find idempotents e = e\, e%, . . . , € 
f/f (g) such that e\ + . . . + e& = 1, e^- = if i ^ j and ejL^(g) = eC/^(g) as right [/e(g)-modulcs. 
Therefore eiP^(g)e = eP^(g)e as right eP^(g)e-modules, and 

d 

Q x ~ [7 s (g)e = ®e,(/ ( (g)e ~ (eP c (g)e) d * (W E s (G)^) d 
t=i 

as right W / £ s (G)-modules. This completes the proof of the proposition 

□ 

Corollary 10.20. The algebra W e s (G) is finite-dimensional, and dim W*(G) = m ™ Ss . 

Proof. By Proposition 17.41 2dim m_ + dim S s = dim G. Therefore by the definition of Q x we 
have dim Q x = m dlm G ~ dlm m - — m dlm m -+ dlm E =. Finally from the last statement of the previous 
theorem one obtains that dim W e s (G) = dim Q x /m dim m - = m dim s =. □ 
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